STAT 400 Stepanov

uluC

Practice Problems #7 Dalpiaz
SOLUTIONS

The following are a number of practice problems that may
be helpful for completing the homework, and will likely
be very useful for studying for exams.

1.

b)

Consider two continuous random variables X and Y with joint p.d.f.
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f(xy) =

0 otherwise

Find the value of K sothat f(X,Yy) isa valid joint p.d.f.
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Find P(X>3Y).
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c) Find P(X+Y>3).
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d) Are X and Y independent? If not, find Cov(X,Y).

X(x)-j—x ydy = ;xz, 0<X<3,
0
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f (y) = gax ydx = JY, 0<y<3

f(xy)=f(x)-f,(y). = Xand Y areindependent. Cov(X,Y)=0.



2. Let X denote the number of times a photocopy machine will malfunction: 0, 1, 2, or 3
times, on any given month. Let Y denote the number of times a technician is called on
an emergency call. The joint p.m.f. p(X,y) is presented in the table below:

X
y 0 1 2 3 Pv(Y)
0 0.15 0.30 0.05 0 0.50
1 0.05 0.15 0.05 0.05 0.30
2 0 0.05 0.10 0.05 0.20
Py (X) 0.20 0.50 0.20 0.10 1.00

a) Find the probability P(Y > X).

P(Y>X) =p(0,1)+p(1,2) = 0.05+0.05 = 0.10.

b) Find py(X), the marginal p.m.f. of X. T

c) Find py(Yy), the marginal p.m.f. of Y. T

d) Are X and Y independent? If not, find Cov(X,Y).

X and Y are NOT independent.

E(X) =0x020+1x050+2x0.20+3x0.10 = 1.2.
E(Y) =0x050+1x0.30+2x0.20 = 0.7,
E(XY) =1x015+2x0.05+3x0.05+2x0.05+4x0.10+6x0.05 = 1.2.

Cov(X,Y) = E(XY)-E(X)xE(Y) =12-1.2x0.70 = 0.36.



3. Let the joint probability density function for (X, Y)be 4 4o :

f(xy) = x;y, X>0, y>0,

3X+Yy<3,

zero otherwise.

a) Find the probability P(X <Y).

intersection point:
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b) Find the marginal probability density function of X, f, (X).

dy = =-3x+-x2 0<X<1.
4 4



Find the marginal probability density function of Y, f, (Yy).

fy(y) = 0<y<3.

Are X and Y independent? If not, find Cov(X,Y).

The support of (X,Y) is NOT arectangle. = X and Y are NOT independent.
OR

fy v(Xy) # f5(X)xfy(y). = Xand Y are NOT independent.
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Cov(X,Y) = E(XY)-E(X)xE(Y) = 10 16x16 = ~ 1280 0.11016.



4, Let the joint probability density function for (X, Y') be

f(xy) = 22,

0<X<2, 0<y<l1, zero otherwise.

a) Find the probability P(X>Y).

b) Find the marginal probability density function of X, f, (X).

1 2
T X+Yy I Xy 'y 1 _ 2x+1
fx(x)'g 3 dy_[3+ 6 J‘o 6 O<x<z

c) Find the marginal probability density function of Y, f, (Yy).

2 2
P X+Yy X Xy ||2 _ 2+2y
fy(y) = I 3 dx = [?JF?J‘O = o<y<1.



d)

Are X and Y independent? If not, find Cov(X,Y).

Since f(x,y)#f, (x)-f,(y), Xand Y are NOT independent.
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E(X)= [ x-fx(x)dx = [ x- 2X6+1dx = [X?+X—J‘§ _ 11
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Cov(X,Y) = E(XY)-E(X)xE(Y) = £-==.2 = —— ~ —-0.012345679.
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b)

Two components of a laptop computer have the following joint probability density
function for their useful lifetimes X and Y (in years):

F(x,y)= xeX(1rY) y>0yz0
0 otherwise

Find the marginal probability density function of X, f, (X).
o0 o0

fo(x) = jxe‘x(“y)dy = xe X JeVdy =e¥ X>0.
0 0

Find the marginal probability density function of Y, f, ().

o 1
fo(y) = [ xe X+ y)gy = L y > 0.
0= (1+y)?

What is the probability that the lifetime of at least one component exceeds 1 year
(when the manufacturer’s warranty expires)?

1 L t 11
= 1-[xe X [e7Vdy |dx = 1—jxe‘x(———e"‘}dx
0 0 0 X X
; X 2X X 2x |1
:1—£(e e )dx—l(—e +>e }O
= 1_(_e—1+%e—2)+[_1+%j = %+e_1—%e_2 ~ 0.800212
OR

P(X>1UY>1) =P(X>1) + P(Y>1) - P(X>1NY>1) = ...



b)

Let the joint probability density
function for ( X, Y) be

1 —
f(xy) = e y

0<Yy<om, -y <X<Yy,

zero otherwise.

Find the marginal probability density function of X, f, (X).

T 1 1 x
If X<0, fo(x)= [ ZeYdy = =e”, X <0,
x(x)= [ e Vdy =2
—X
o0
1 _ 1 _-X
If X>0, fo(x)= [ZeYdy = Ze™”, X >0,
x(x) = [-eVdy = 2
X
f(x) = Le Il <x< (doubl tial )
X = E , — 00 0, ouple exponentia

Find the marginal probability density function of Y, f, (y).

y
f (y) = J‘ %e—y dx = ye_y, 0<Y<oo. (Gamma, aa=2, 6=1)
-y

Are X and Y independent? If not, find Cov(X,Y).

The support of (X,Y) isNOT arectangle. = X and Y are NOT independent.
OR

fy v(Xy) # f5(X)xfy(y). = Xand Y are NOT independent.



E(X) =0, since the distribution of X is symmetric about 0.

E(Y) = 2, since Y has a Gamma distribution, =2, 6 =1.
o0 o0

E(XY)=[| [ zeVdx|dy = [-eY| [dx|dy =
o~y 0 -y

Cov(X,Y) = E(XY)-E(X)xE(Y) = 0.

Recall: Independent — Cov=0

Cov=0 X Independent



Suppose Jane has a fair 4-sided die, and Dick has a fair 6-sided die. Each day,
they roll their dice at the same time (independently) until someone rolls a “1”.
(Then the person who did not roll a “1” does the dishes.) Find the probability
that ...

py(x)= G) H-Gj, X=1,2,3, ...,

Pp(y)= (gj y_l'&j, y=1,23, ...

they roll the first “1” at the same time (after equal number of attempts);

£ oot - £ )7 ()67
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n=0
OR

(JD) or (I'D')(ID) or (ID)WD)WD) or

()G9 GHEIED- 5



b)

Dick rolls the first “1” before Jane does.

OR

(J'D) or (IDYWD) or (ID)WD)YWD) or ..

() GI6Y-GHEIED- 5 -



8. Dick and Jane have agreed to meet for lunch between noon (0:00 p.m.) and
1:00 p.m. Denote Jane’s arrival time by X, Dick’s by Y, and suppose X and Y
are independent with probability density functions

2 2 0o<y<l1
fx(x):{?’x 0<x<1 fY(y):{ y y

0 otherwise 0 otherwise

a) Find the probability that Jane arrives before Dick. That s, find P(X <Y).

f(x,y)=6x%y, 0<x<1, 0<y<Ll 1

1(y 1 (Y
P(X<Y):I Iszydx dy:Iy J'6x2dx dy
o0 0 |0

1 1
:!y(zxg‘)gdy=£2y4dy=(§y5j;=% 0

0 1
OR
1(1 1 (1 1
P(X<Y):I j6x2ydy dx:j'x2 j'6ydy dx :J'x2 (3y2))1(dx
0\ x 0 X 0

- i(3x2 —3x4)dx = (x3—§x5j; = %



Find the expected amount of time Jane would have to wait for Dick to arrive.

Hint 1:  If Dick arrives first (that is, if X > Y), then Jane’s waiting time is zero.
If Jane arrives first (that is, if X <Y), then her waiting time is Y — X.

o 0

Hint2:  E(9(X,Y))= [ [g(xy)-f(xy)dxdy

—00 —00

1
f(x,y)=6x%y, 0<x<1, 0<y<l.
@® y>X Jane is waiting for Dick.
Jane’s waiting time =y — X ®
@) X>y Dick is waiting for Jane. 0
Jane’s waiting time = 0 0

O <

|

1( X
(y-x)-6x*ydx dwj{jO-zeydy]dx

0\ 0
1y 1y
= [|[ex?y?dx |dy-[| [ 6xPydx |dy
ol o ol o

% = % hour = 5 minutes.

1 1 1
[2y>dy-[15y°dy = =~
0 0 3



9. Suppose that (X, Y) is uniformly distributed over the region defined by
~1<X<1and 0<y<1-Xx2 Thatis,

f(x,y) = C, -1<X<1, OSYSl—XZ, zero elsewhere.

a) What is the joint probability density function of X and Y ? That is, find C.

= fX'Y(x,y)z% ~1<Xx<1, 0<y<1-Xx2

b) Find the marginal probability density function of X, f, (X).

2

fx(x) = | Zdy = %(1—x2), —1<x<1.
0

c) Find the marginal probability density function of Y, f, (y).

y=1-x2 X=+,/1-Yy



10.

Hint:

Let T,,T,, ..., Tk beindependent Exponential random variables.
Suppose E(Ti):x—l_, =12, ...,k
[
, _ -t P
That is, fTi(t) =Aje 7Y, t>0, i=1,2 ...,k

Denote T in=mMin(Tq, Ty, ..., Tg).
Show that T i, also has an Exponential distribution. What is the mean of T ;;,?

Consider P(Tip>t) = P(T;>t AND T,>t AND ... AND T >1).

Since T4, T,, ..., Ty are independent,

P(Tpin>t) = P(Ty >t AND T,>t AND ... AND T} >1)

P(T;>t)xP(T,>t)x...xP(T|>t)

_ e—(x1+x2+”.+xk)E t>0.

Fr (1) = P(Tinst) = 1-P(Tpip>t) = 1-e”irher ML s

fr (1) = (hy* o+ 2y) g~ (hathat ol t t>0.

1

= T in has an Exponential distribution with mean )
min P AM+hoy+.+hg




b)  Find P(T;=Tp,) = P(Ty isthesmallestof T,,T,, ..., T)

P(T,<T, AND ... AND T,<Ty).

Ay

“Hint™: A good place to start is to consider T, T, and show that P(T;<T,) = T
1+A2

QO ( 0O

P(Ty<T,) = [| [reMba,e etz dt, |dt
o\t
T A
= lee—xltle—xztl dat, = — =L |
0 7\,1+7\,2

Since T, T,, ..., Ty are independent, their joint probability density function is

f(ty t,, . t) = e Ml el e Mkl

t,>0, t,>0,..., t>0.

P(Ty=Tpin) = P(Ty<T, AND ... AND T;<Ty)

o0 [ 0O o0 }\‘
[ ] [reMba,erete oy e lidt, .. dty |dt
olt,

0 Q0 o0 7\1
[ne Ml [a, e ebdt, || [ A, e Kk dty |dt
0 f) i

Q0

= [a e Mlietel e Mkl gt,
0

_ Ay
A+Aho+o+hy




