STAT 400 . . Stepanov
UIUC Discrete vs Continuous RVs "

Dalpiaz
random variables
discrete continuous
probability mass function probability density function
p.m.f. p.d.f.
p(x)=P(X=X) f(x)
VX 0<p(x)<1 vx f(x)=0
o0
> p(x)=1 [f(x)dx =1
all X %

cumulative distribution function

c.d.f.
F(X)=P(X<X)
X
F(x)= > p(y) F(x)= [f(y)dy
y<X o
expected value
E(X) = ny
discrete continuous
E(X)= > x-p(X) E(X)= [ x-f(x)dx
all X —00
discrete continuous

all X

E(9(X))= ¥ 9(X)- p(X) E(g(X))= [ 900 f(0dx



variance

var(X) = 6% = E([X-pux]?) = E(X?) - [E(X)]?

discrete continuous
Var(X) = ¥ (x-px)?-p(x) Var(X) = [(x—px)?- f(x)dx
all X —owo
= Y x2px - [E(X)]? . {sz-f(x)dx]—[E(X)]z
all X —0

moment-generating function

My (t) = E(e!X)

discrete continuous
My () = > et*. p(x) My (t) = [ e f(x)dx
all X -0

Example 1:

Let X be a continuous random variable
with the probability density function

f(x)=k-x2,  0<x<1,

f(x)=0, otherwise.

a) What must the value of K be so that _.3'_2 o .3_'2 .3;1 u_'a uje 1 1..2
f(X) is a probability density function?

1) f(x)>0o, 2) Tf(x)dle.

—0o0
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b) Find the cumulative distribution function F(X) =P (X <X).

w(X) =
0 0.W. X
0<X<1  Fy(x)=[3y*dy=x3
0
X>1 Fy(X)=1.

fy (X) Fyx (X)

C) Find the probability P(0.4 <X <0.8).

0.8
P(04<X<08)= [ f(x)dx
0.4
0.8
= js-xzdx _ x3|08
04
0.4

-0 0O 02 04 06 08 1 1.2

= 083-043 = 0.448.



OR

P(04<X<08) = Fy(0.8)—Fy(0.4-) = 083-043 = 0.448.

d) Find the median of the distribution of X.

m
Need m=? suchthat  (Areato the leftofm) = Jf(x)dx = %

1 2 3(fm _ 3
E__J'f(x)dx_JO':sx dx = x3| = m?.
m=3/1/, =0.7937.
e)  Find py =E(X).
o0 1 1
E(X) = py = x-f(x)dx=J'x-(3-x2)dx:3-J'x3dx.
Co 0 0
4
=3[X—]1:§=075
4 1|10 4

fy  Find oy =SD(X).

Var(X) = 6% = sz-f(x)dx}—(ux)2 [j&x“dx}-@j

{5 O

Oy =SD(X) =4/ Var(X)=+0.0375 =0.19365.

—00

1 (3% _3 9 3 _
O_H =22 - 2 = 0037




0) Find the moment-generating function of X, My (t).

0 1
My(t) = E(etX) = [e!X. f(x)dx = jetX-sxzdx.
e ]
u=3x2 dv = etXdx,
du = 6xdx, V= %etx.

1
My (t) = [e"*-3x?dx = (3x2-1etxj )

t t
— _ 1 tX
u=6X, dv--fe dx
_ _ 1 tX
du = 6dx, V= —e
t2
3 r 1 1 1 1 1
My (t) = Zet —I( e X 6xjdx = 2ol _|gx.—etX _J 1 atx g |y
t {2 0 .
0 0
_ 3.t 6 .t (6 tx||1 _ 3 ¢ t 6 _t 6
- fe _t_ze +(t_3e ] O - Te _t_ze +t—3€ —t—s, t;tO
Mx(0) = 1.

hy  Find E(¥ X)) and E(InX).

| o

1
E(INX) = [Inx-3x%dx = —%.

! 0

E(VX) = }ﬂ-sxzdx =
0



Example 2:

5x8  x>1 x<1 Fx(X)=0.
fx(X)={
0.W. X
X>1 Fx(Xx)=[5y~°dy
1
__y-5|X _4q_ -5
=— =1-X
y 1
fy(X) Fy(X)
5_ | e e e e — —— oo
N
o0 o0 5
E(X)=py= [x-5x%dx = jsx—5dx=Z=1.25
1 1
o0 o0 5
E(X?) = [x?-5x®dx = [5x7*dx = 3
1 1
5 » 5 (5) 5
var(X) = E(X?) - [E(X)]? = 2-|2] = =2,
() = B - [E012 = 33 = 2
o0
E(X1%) does NOT exist since jxlO-SX_GdX diverges.
1
—_ _1 -5_1 _
Median: Fx(m)_E. 1-m== 2. m= %2 ~1.1487.
30th percentile: Fy (T0.30) = 0.30. 1-(mg30) > =0.30.



Example 3:

Suppose a random variable X has the following probability density function:

-X
f(x) = c.e 0<X<1
0 otherwise

a) What must the value of C be so that f(X) is a probability density function?

For f(X) to be a probability density function, we must have:

1) f(x)=o0, 2) [ f(x)dx=1.
00 1 1
1 = [f(x = [C.e¥dx = C-[e7*dx
o 0 0
_ cleX)t - c.fiset) - c.fEt
- clex)s = cfie?) - c(ej.
e e ~X
Therefore, C= (—j ~1.5819767. (—j e 0<x<1
e-1 Fx)=) ‘-1

0 otherwise
b) Find MXZE(X)-
o 1 e « e 1 X
ny = E(X) = _ij-f(x)dx = {x-(—J-e dX = (e jg x-e X dx.

Integrating by parts,

je o = [oo-fe]][; - ; Le*)ox




Therefore,

1
e _ e e-2 e-2
iy = E(X) = (aj-jx-e Xgx = (e_lj-( . j - &% L0418
0

c) Find the cumulative distribution function F(X) =P (X <X).

X F(X)=0 for Xx<0.
F(x) = P(X<x) = [f(y)ay.
—® F(x)=1 for x>1.
ForO<X<1,
X X
F0 - Tty - [[E)evey - (B )Ley)*
;L g(e—lj (6—1)( )o

-1 ex
1 X>1
d) Find the median of the probability distribution of X.
Need m=? such that P(Xsm)=P(sz)=1/2.
1y - _(e[(eMu
Thus, = F(m) = : :
[, = F(m) (QJJ(em J
= em_lzﬂ.em. = em_ﬂ.emﬂ,
2-€ 2-€
) (Ejemzl => emzﬁ,
2-€ e+1

> om - |n££j ~ 0.3799.
e+1



Find the moment-generating function of X, M (t).

M, (t) = E(etX) = }etx-(ij-e—xdx - (ij-}e(t—l)x dx
0

e-1 e-1) 3
- (&j.(ﬁ.e(t—m] = (&jﬁ (et1_1)
el-e
N CE(E) 1
My (1) = %
Find E(2%).

elnz_ e

€-2

E(2%) = E(e'"2X) = My (In2) =

(e-1)-(In2-1) _ (e-1)-(1=n2)’



Example 4:

b)

A simple model for describing mortality
in the general population in a particular
country is given by the probability density
function

252
f(y)=—5% y°(100-y)?,
10

0 <Y < 100.

Verify that f(y) isavalid probability
density function.

1. f(y) >0 foreachy; v
o0
2. Jf(y)ay=1.
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OJ?f 252 2 " 6 2
)dy = j < y®(100-y) dy:j252x (1-x)? dx

0 10

= 252. {1 x'_2.1y8,
7 8

Based on this model, which event is more likely

or A: aperson dies between the ages of 70 and 80

B: a person lives past age 80?

0.8

1.9

J

0

252-

252
A: j =y (100-y)?dy = [ 252 x” (1-X)? dx

7010 0.7

=050 [ Ly 0. 1y8 140
7% 8" 9

~0.7382 - 0.4628 = 0.2754.

2
04

=1

v



100 1.0

B: jﬂy‘s(loo-y)zdy:jzsz x®(1-x)2 dx
18
8o 10 0.8
1.
N ES S LI vl | L
7 8" "9 0.8
~1-0.7382=0.2618.
A is more likely.

C) Given that a randomly selected individual just celebrated his 60th birthday, find
the probability that he will live past age 80.

100

| 125128 y®(100-y)*dy
p (over 80 | over 60) = P(over80Mover60) _ g
P(over60 ) 100 555 6 )
] 35 v°(00-y)"dy
~ 1-0.7382 _ 0.2618 ~ 0.3408.
1-0.2318 0.7682
d) Find the value of y that maximizes f(y) (mode).
' 252 6
t'(y =—18[6y5(100—y)2—2y (100—y)}
10
252 5
=~ ¥ (100-y)[6(100-y)-2Y]
10
:1%28 y® (100-y)[600-8Yy]=0.

= y=0, y=100 (not max), y =75 years (max).



e) Find the (average) life expectancy.

100 259

0 1
E(Y)= [y-f(y)dy= j 35 y 7 (100-y)? dy =[252-100 X" (1-x)? dx
—00 0

1
= 252100+ x8-2.1x9 + L 10 || 1 _ 252.100- -2 =70 years.
8" o* 1o 0 720

OR

Consider X = % Then Y =100 X, and X has the probability density function

f(x)=252 x®(1-x)?, 0<x<1.

Then X has Beta distribution with oo =7 and 3 =3.

o 7
E(X)=—— =——=0.70. E(Y)=100E(X) =70 years.
()= 405 " 743 (Y)=100E(X) =70y
f) Find the standard deviation of the lifetimes.
Var(X) = 3 -2 Var(Y) =100 Var(x)_@
11-102 1100 11

SD(VY)~13.817.
OR

100 259

E(Y?)= [y?-f(y)dy= j 55 Y ®(100-y)? dy =

Var(Y) = E(Y2)-[E(Y)]? = ...

SD(Y) = Var(Y) =



Example 5:

Let Y denote a random variable with probability density function given by

f(y) = % e_| y|’ —o <Y< oo, (double exponential p.d.f.)
a) Find the moment-generating function of Y. For which values of { does it exist?
© ¢ _ 0 t _ 0 ¢ _
MY(t): J‘ e y.ie |y|dy = j e y.ie |y|dy+ J'e y.ie |y|dy
oo 2 o 2 0 2

0 o0
t t -
[ e y-leydy+ [e Y.1e ydy
o 2 5 2

19 y(t+1) 1% y(t-1)
EI e dy+§£e dy

—00

Note that the first integral converges only if t+1 >0,
and the second integral converges only if t—1<0.

Therefore, the moment-generating function is only defined for —1<t<1.

1 y(t+1)] o 1 y(t-1)]ec 1 1
My (1) = 2(t+1)e o 2(t—1)e o 2(t+1) 2(t-1)
(t-1)-(t+1) _ -2 1

= = , -1l<t<1.
2(t+1)(t-1)  2(t2-1)  1-t? =

b)  Find E(Y).

My(t) = —(1-t?)"2(-2t) = 2t(1-t?)?
= E(Y) = My(0) = 0.

OR

o0

E(Y) = I y%e_|y|dy =0, since y%e_|y|
—00

is an odd function.



Find Var(Y).

2
My (1) = 2(1-t2)"2+21(-2) (1-t2)3(-2t) = 2+0L
(1-12)
=  E(Y?) =My (0) =2 - Var(Y) = 2-0%2 =2.
OR
_ 2y _ 2 7 2 1 =yl _
Var(Y) = E(Y?)-[E(Y)]*= [y 2e dy = ... =2
Find the cumulative distribution function F(y)=P(Y <y).
y y
- [ e ¥gx = [ Le¥dx = LeV
If y <0, F(y)-_{oze dx _{oze dx Se
y 0 y
ot 1 —x| . - p 1.X 1 -
If y>0, F(y) = _{oze dx = _{an dx + £§e dx
= = —(1—e_yJ =1-1e7Y
2
Therefore,
ley y<0
F(y) =
1 -y
1-2e y>0




e) Find E(Yk) for positive integer K.

o0 0
Ky — k 1 y _ k 1 1 _
E(Y)__Ly e ldy = _Ly Eeydy+jy o evdy =
k odd .. = 0.
k even :zjyk-%e‘ydy-jyk-e‘ydy:r(k+1):k!.
0 0
OR

Taylor Formula:

o +k o ¢k
My(t) = T8 M) = T L gk,
oo K! koo K!
On the other hand,
My(t) = L = 3
Y - - .
-t 5
- If k odd, E(YX) = 0.

If k even, k=2n, E(YK) = k.



