STAT 400 Stepanov
UILC Examples for 4.1,4.4 (1) Dalpiaz

Multivariate Distributions

Let X and Y be two discrete random variables. The joint probability mass
function p(X,Y) is defined for each pair of numbers (X, y) by

P(X,y)=P(X=X and Y =Y).
Let A be any set consisting of pairs of (X, y) values. Then

F’((><,Y)eA)=(Z > p(x.y).

X,¥)eA

Let X and Y be two continuous random variables. Then (X, y) is the joint
probability density function for X and Y if for any two-dimensional set A

P((X,Y) €A)= [ f(xy)dxdy.

1. Consider the following joint probability distribution p(X, y) of two random
variables X and Y:

x \ Y 0 1 2
1 015 0.0 0
2 025 030 020

a) Find P(X>Y).
P(X>Y)=p(1,0)+p(2,0)+p(2,1)=0.15+0.25+0.30=0.70.
b) Find P(X+Y=2).

P(X+Y=2)=p(1,1)+p(2,0)=0.10+0.25=0.35.



The marginal probability mass functions of X and of Y are given by

Py (X)= > p(xy), Py (Y)= X p(xy).

ally all x

The marginal probability density functions of X and of Y are given by

f ()= f(xy)dy, f (y)=[ f(xy)dx.

Find the (marginal) probability distributions p (X )

of X and p, (y) of Y. y | py(y)
X | py(x) 0 0.40
1 0.25 1 0.40
2 0.75 2 0.2

If p(X,Y) is the joint probability mass function of (X, Y) OR f(X,Y) is the joint probability
density function of (X, Y'), then

discrete continuous

E(Q(X,Y))= 2 29 y)-pXYy) E(QXY))= [ [a(xy)-f(xy)dxdy

d)

all Xally 00—

Find E(X),E(Y),E(X+Y),E(X-Y).
E(X)=1x0.25+2x0.75=1.75.
E(Y)=0x040+1x0.40+2x0.20=0.8.

E(X+Y)=1x0.15+2x0.25+2x0.10+3x0.30+3 x0+4x0.20 = 2.55.
OR
E(X+Y)=E(X)+E(Y)=175+0.8=2.55.

E(X-Y)=0x015+0x0.25+1x0.10+2x0.30+2x0+4x020=1.5.



b)

Alexis Nuts, Inc. markets cans of deluxe mixed y
nuts containing almonds, cashews, and peanuts. A
Suppose the net weight of each can is exactly

1 Ib, but the weight contribution of each type of (0.1)
nut is random. Because the three weights sum to (x,1-x)
1, a joint probability model for any two gives all
necessary information about the weight of the

third type. Let X = the weight of almonds in a
selected can and Y = the weight of cashews.

-
r (1,0) x

Then the region of positive density isD = {(X,y):0<Xx<1,0<y<1 x+y<1}
Let the joint probability density function for ( X, Y) be

f(X y): 60X2y OSXSLOSySL X+yS1
| 0 otherwise

Verify that f(X,Y) is a legitimate probability density function.
1. f(x,y)=0 forall (V). 4

2. T off(x,y)dxdy = }[l_jXGOXZydy]dx = (30x2(1—x)2)dx

O —F

—00 —© o\ 0
; 1
= [(30x?-60x3+30x* Jax = (1ox3—15x4+6x5)0 -1 vV
0

Find the probability that the two types of nuts together make up less than 50% of
the can. That is, find the probability P(X +Y <0.50). ( Find the probability that
peanuts make up over 50% of the can.)

05 05-X 0.5
P(X+Y<050) = [| [60x%ydy |dx = [30x*(0.5-X)?dX
0 0 0

0.5

0

= j(?.sx2 ~30x3+30x% )dx=(2.5x3—7.5x4 +6X° ) .
0




C) Find the probability that there are more almonds than cashews in a can. That is,
find the probability P(X >Y).

1y2(1-y
P(X>Y) = [| [60x*ydx dy ]
ol vy

12 1-y
[20y] [3x*dx|dy
0 y

2
jZOy((l—y)3—y3)dy
0

1/2 12
J'20y(1—3y+3y2 —2y3 )dx = j(zoy—60y2+6oy3—4oy4 )dx
0 0

vz _ 11 _ (6875,

(1Oy2—20y3+15y4—8y5) . =15

OR

1/2(1-X 12 1-X
P(X>Y) =1- [| [60x®ydy|dx = 1- j3ox2[ jzyddex
0 X 0 X

12 12
=1- j30x2((1—x)2—x2)dx =1- [ 30x%(1-2x)dx
0 0
V2
=1- j(30x2—60x3)dx = 1—(1ox3—15x4)1f)2 = % = 0.6875.
0

OR

1/2( x 1(1-x
P(X>Y) = [|[eox?ydy|dx + [| [60x*ydy|dx = ..
olo 12 0



d) Find the probability that there are at least twice as many cashews as there are almonds.
That is, find the probability P(2X <Y).

% 1-x

P(Y>2X) = j{jmxzyddex ;

0 \2x
1

= jz(?,ox2 [(1—x)2 —(2x)? ])dx

0 0 Y
y 0 1
= I3(30X2—60X3—90X4)dx
0
/s
3 1
= j(30x2—60x3—90x4)dx = (1ox3—15x4—18x5)/3
0
0
10 15 18 _ 1
27 81 243 9
e) Find the marginal probability density function for X.
1-X 1-X
fx(x) = [60x*ydy = 30x* [2ydy = 30x*(1-x)?, 0<x<1.
0 0
f) Find the marginal probability density function for Y.
-y -y
fy(y) = [60x?ydx = 20y [3x%dx = 20y(1-y)°, 0<y<1.
0 0

0) Find E(X), E(Y), E(X+Y), E(X-Y).

1 1
[ x-30x% (1-x)?dx = j(30x3—60 x4 +30%5 Jdx
0 0

E(X)

(75%%-12x5 +5x° Loos= 1
0 2




h)

1
y-20y(1-y)3dy = j(zo y2-60y3+60y4—20y° )dy
0

E(Y)

20
3

TN O —

3 e yb 5 20 6 )1 _ 1
y3-15y*+12y° -y j‘o 3

E(X+Y) = E(X)+E(Y) = %

-

E(X-Y) = }{1jxxy-60x2yddex = I(20x3(1—x)3)dx
ol 0 0

(20X3—60X4+60X5—20X6 )dx

1
5x4-12x° +10x6—§x7 j‘o =

TN O—

~|

If 1 1b of almonds costs the company $1.00, 1 Ib of cashews costs $1.50, and 1 Ib of
peanuts costs $0.60, what is the expected total cost of the content of a can?

Total cost = (1.00) X +(1.50) Y +(0.60) (1-X-Y) = 0.6+04X+09Y.

E(Total cost) = 0.6+04E(X)+09E(Y) = O.60+0.40-%+0.90-% = $1.10.

OR

E(Total cost) = (1.00) E(X) +(1.50) E(Y) + (0.60) E(1-X-Y)

= 1.00-1+1.50-1+o.60- 1—3—1 = $1.10.
2 3 2 3



21/4. Consider two continuous random variables X and Y with joint p.d.f.

3

CXy 0<X<1,0<y<X2

fy v(Xy) =

0 otherwise

a) Find the value of C sothat f(X,Yy) isa valid joint p.d.f.

1 (x?
1= [| [cxy3dy|dx
0lo
1 2
= jgxy4 Y=X"dx
o 4 y=0
1
0 = [=x%dx = €y
0 1 40
0
= C =40

b) Find P(5Y >4X).

dx

~ 0.38809.

P(5Y>4X) = P(Y>0.80X)
et 1 x?
_ 3
0.80 -~ - .f j4oxy dy dx
| f | | 0.80 { 0.80x
0.60 - L i
A 1 2
0.40 - ------- = I 10X(y4)
: ‘ 0.80 0.80 X
0.20 4------ P
L 1
0.00 e = j (1ox9 —4.096 X° )dx
0.00 020 040 060 080 1.00
, 0.80
y=0.80X and y=X
—  X=0.80 = (xlo—@xfsj '
' 375 0.80

OR




0.80 [1.25y 1|1
[ | | 4oxy®dx|dy + [ | [4oxy3dx|dy = ..
04| [y 080 | [y

OR

0.80 [ x2 1 (080X
1- [I4Oxy3ddex - [ j40xy3ddex = ..
0

0 0 .80 0
OR
064 1 080 ( 1
1- [ | [4oxy®dx|dy - [ | [4oxy®dx|dy = ..
0 \/_y 064 (1.25y
c) Find P(X+Y>1).
| y=1-X and y=Xx2 = x:‘/gz_1
1 ([ x2
P(X+Y>1) = [ | [4oxy®dy|dx = ...
51 1 x
2
0 = 509 75Y5 ) gg0g

6 2

d) Find the marginal probability density function of X, f, (X).

X2
fy(x) = [40xy>dy = 10x°, 0<x<1.
0



Find the marginal probability density function of Y, f,,(y).

1
fy(y) = [40xy®dx = 20y3-20y* = 20y3(1-y), 0<y<1.

Jy

Find E(X), E(Y), E(X-Y).

1
_ 9 10
E(X) = [ x-10x7dx = 11
0
1
= [y- 3_poy4)gy = 2020 _ 2
E(Y) = jy(ZOy 20y )dy =5 "3

0

1(x? . S g 2
OR E(Y)= [| [y-40xy®dy dx:£8x dx = — 3

ol 5 12
OR Y has Beta distribution with o =4, =2 E(Y) = L Z
442 3
1(x? ; Lo 8
E = . = = —.
(XY) = [| [ xy-40xy>dy|dx = [8x**dx 13
O\l o 0
Sneak preview of 4.2:
9) Find Cov(X,Y).
Cov(X,Y) = E(XY)_E(X)E(y) = 8-10.2 _ 4 (009324,

13 11 3 429



214 . Suppose that the random variables X and Y have joint p.d.f. f(X,y) given by

f(x,y) = Cx?y, 0<X<y, X+y<2,

a) Sketch the support of (X, Y).
That is, sketch

{0<x<y, x+y<2}.

b) What must the value of C be
sothat f(X,y) isa valid joint
p.d.f.?

Musthave [ [ f(x,y)dxdy = 1.

—00 —00

}[zj)c(: X2 ydy} dx

|
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zero elsewhere.

2.5

2.0

1.5

1.0

0.5

1.5



c) Find P(Y <2X).

X+y=2 & Yy=2X

2 4
= X=—, Yy=—.
3 y 3

Ao

2X
2/3

_ 2 ,2)|Y=2-X

=1- | (3x y ) J-2x dx

0
2/3

2/3

0

2/3
0

1—(4x3—3x4—§x5j

0 \ x /3 x

1Yy 4/3(2-y
o [

1 \y/2

4/3(y)2 2 (2-y
1- I[I 6x2ydedy - | [
0o 0

[ 6x? ydxjdy

4/3

2/3(2x 1 (2-x
| [Iexzyddex | [j6x2
2

1- | (3x2 [(2—x)2—4x2])dx
0

1- j (12x2—12x3—9x4)dx

=

25

2
3

OR

y dy} dx

OR

y dx} dy

OR

2—

_)23(

2

3

]4+

9

5

[

2

3

jsz

1.8

87

135°



d) Find P(X+Y<1).

0.5(1-X
j{ j6x2ydyjdx
0\ x
0.5
= 3X2 2 yzl_XdX
[y’ T
0.5
= j(sxz[(l—x)z—xz])dx
0
05
- j(3x2—6x3)dx
0
- (X3—§X4j 0.5 1
2 0 1.5
(1)
2 2\ 2
_ %_332 _ 3i2 = 0.03125.

e) Find the marginal probability density function for X.

First, X can only take values in (0,1).

y=2-X

2-X
o) = 17, txy)ay = Jox?yay = faxt 22,
X

= 3x2{(2-x)2-x?} = 12x%-12x3 = 12x2(1-X), 0<X<L



f) Find the marginal probability density function for Y.

“Hint”:  Consider two cases: 0 <y <1 and 1<Yy<2.

First, Y can only take values in (0,2).

y

[ 6x?ydx 0<y<1
0

fy(y) = [7, f(xy)dx = ,

-y
[ ex?ydx 1<y<2
0

(2x3y) 0<y<1

X=Yy
X=0

(2x3y)‘X::y l<y<2

2y4 O<y<l

2y(2-y)® 1<y<2
9) Find E(X).

1
E(X) = I_O; x- fx(x)dx = [ x-12x?(1-x)dx = 0.60.
0

hy  Find E(Y).

1 2

E(Y) = [T y-fy(y)dy = [y-2y*dy + [y-2y(2-y)3dx = S+ = =

0 1

) Find E(XY).

0\ x

1(2-X ool 99
E(XY) = [| [xy-6x*ydy X == g



