STAT 400 Answers for 6.4, Part 1 Stepanov
Stepanov Dalpiaz

p.mf. or pdf. f(Xx;0), 0eQ. Q) — parameter space.

1. Suppose Q={1,2,3} andthep.mf. f(X;0) is

0=1 f(1;1)=06, f(2;1)=01, f(3;1)=01, f(4;1)=0.2.
0=2: f(1;2)=02, f(2;2)=03, f(3;2)=03, f(4;2)=02
0=3: f(1;3)=03, f(2;3)=04, f(3;3)=02, f(4;3)=01.

What is the maximum likelihood estimate of © (based on only one
observation of X) if ...

a X=1,
f(1;1)=06 <
f(1;2)=02 =
f(1;3)=03
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I
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b) X=2;
f(2;1)=0.1
f(2;2)=03 =
f(2;3)=04 <

>
1
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f(3;1)=0.1
f(3;2)=03 <« =
f(3;3)=0.2

>
1
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f(4,1)=02 <
f(4;2)=02 < ~ f=lor2

f(4;3)=0.1 (maximum likelihood estimate
may not be unique)



Likelihood function:

L(0) = L(0:X1, Xpr . Xpy) = _ﬁlf(xi;e) = (x1:0)- .. - F(Xp:0)

n
It is often easier to consider InL(8)= > Inf(xj;0).

=1
Maximum Likelihood Estimator: 0 =argmax L(0) = argmax In L(0).

Method of Moments:

~

E(X)=g(0). Set X =g(6). Solve for 0.

0. Consider a single observation X of a Binomial random variable with n trials
and probability of “success” p. That is,

P(X=k)=nCy pX(1-p) "k, k=0,1,...,n.

a) Obtain the method of moments estimator of p, P .
Binomial: E(X)=np

X=np =N -f):%

b) Obtain the maximum likelihood estimator of p, P.

L(p)=nCx p " (1-p) "%
InL(p)=InpCx +XInp+(n-X)In(1- p)

d X n-X X-Xp-np+Xp X-np
SoInL(p) =S -2 = -
dp p 1-p p(l-p) p(l-p)

d N - N —
ﬁInL(p)-o = p=



2. Let Xq,Xs5, ..., X bearandom sample of size N from a Poisson

distribution with mean A, A > 0. That s,

KoL
P(x=k)=7‘%, k=0,1,2,3, ....

a)  Obtain the method of moments estimator of A, A.

E(X)=2A - A=X

b)  Obtain the maximum likelihood estimator of A, 71

L(k):]ﬂ[f(xi;X)=lﬂ[{MJ.

i=1 =1 Xj!

In L(X)—{ixi}-lnknkznlln(xi!).

i=1

Let é be the maximum likelihood estimate (m.l.e.) of . Then the m.l.e. of any

function h(0) is h(0). (The Invariance Principle)

c)  Obtain the maximum likelihood estimator of P(X =2).

2a-A a n Y2a-X
r7e A=X h(oy=X¢"
21 21

P(X=2)=h(})=



b)

Let X1, X5, ..., Xy bearandom sample of size N from a Geometric

distribution with probability of “success” P, 0 <P <1. Thatis,
P(X=k)=(1-p)K-1p, k=1,2,3 ....

Obtain the method of moments estimator of p, p.
_1 X1 p=1/_n
E(X)="[p. X=2L14% =1/ = .
(X)="/p s s P=14 /Z{lei

Obtain the maximum likelihood estimator of p, P.

L(p)=(1-p) TN pn
In L(p):(zi”:lxi —n)ln(l— p)+ninp

E_Zin:1xi —N :n—pZi”:lXi
p 1-p p(1-p)

d A A
—InL =0 =N =41/
ap"nH(P) = P /Z{lei Ve

d
Eln L(p)=

p = 5 equals the number of successes, N, divided by the number of

Bernoulli trials, Zin=1xi ;

Is P an unbiased estimator for p?

Since g(x) = l/X’ X > 1, is strictly convex, and X is not a constant random

variable, by Jensen’s Inequality,

E(P)=E(9(X))>g(E(X))=9(p)=p.

p is NOT an unbiased estimator for p.



b)

Let X1,X5, ..., Xp bearandom 50 1
sample of size N from the distribution :z:
with probability density function ZZ
y Y% .
f(X;G)z g-x 0<X<1 :Z
0 otherwise ZZ

0<BO<on, 00 0.1 02 03 04 05 06 0.7 08 08 1.0

Obtain the method of moments estimator of 0, 0.

0 1 1—9/
1 0
E(X)= Ix-fx(x;e)dxzj X=X dx.
0
—o0 0
1 1 1 1
:jz.x/edxzz. AN PR
210 0 1/e+1 0 140
X= 1 b=t 112X
1+0 X X

Obtain the maximum likelihood estimator of 0, 0.

Likelihood function:

n 1 n 1_%
L®) = T fx(Xj50) = —|T1Xj| .
=1 0 =1
n n
_ 1-6 1
INL®) = —Nn-In6+=——->" InXj :—n-lne+(——1j-z InXj .
0 i1 0 )i
d (. [ n o1 o N
Lnf)=-2-2 . mx; =o. = 0=-2-YInXj.

do 0 02 iC n iz

—1.0
—20
—4.0
—05
—03
—0.2




Suppose N =3, and X;=0.2, X,=0.3, X3=0.5. Compute
the values of the method of moments estimate and the maximum
likelihood estimate for 0.

< 02+03+05_1 51 -x 1 y
3 3 X b
~ 1 1
0=-= Z =—=+(In0.2+In0.3+In0.5) ~1.16885.
n : 3

Let X1, X5, ..., Xy be arandom sample of size N from N(6,,6,),
where Q={(6,,6,): —0<0;<00, 0<0,<o0}. Thatis, here we
let 0,=p and 92=02

Obtain the maximum likelihood estimator of 6, él, and of 0,, éz.

>

L 2
L(64,0,) = H\/TeXp|:(X|2T21)}
i 2my

n n
_ 1 exp _lel(xl _61)2
wIZTEOZ 292 ’

InL(6,,6,) = —2|n(2n92)—



b)

The partial derivatives with respectto 0, and 6, are

o(lnL) 1 <
wl;Fg

and

o(InL) _ Zn:
20, 292 74

The equation o(InL)/96, =0 has the solution 6, = X.

Setting a(InL)/86,=0 and replacing 6, by X vyields

Therefore, the maximum likelihood estimators of u =0, and o= 0, are

n
0,=X and 0, =%Z(Xi —Y)z.
=1

Obmknhenmﬂmdofnmnwn&eﬂﬂnﬂorof61,61,andof@z,éz.

E[X]=pn=6,.

E[X2]=Var[X]+E[X]?=c2+pn%=0,+62.

3

n
Thus, lz ZXZ 0,+0.2.
=1 1=l

l

Therefore, 0,=X and 0, =X —(Y)Z.



515. Let X, X,, ..., X, bearandom sample of size N from the distribution
with probability density function

In X

fx(x) = fx(x;0) = (0-1)%-==, X>1, 0>1.
X
20 -
15 -
1.0 4
05 1
0.0 . ; ; . : —
0 1 2 3 4 ]
6=2 6=3 6=3 6=7
a) Find the maximum likelihood estimator © of .

n n n
In X;
LO=]] (9—1)2-n—6'. In L) = 2nIn(0-1)+ > Inlnx; —0-> InX; .
i=1 X i=1 i=1
n ~
dlz;(e)zeznl‘zmxi o L §_q,.2D

1=1 N |
Zlnxi
1=1



b) Suppose N=5, and X;=5 X,=12, X3=2, X,=12, Xg=15.

Find the maximum likelihood estimate 0 of ©.

5
n Xj = In 216 ~ 5.3753.
i=1

>

10
5.3753

~ 1+ ~ 2.86.

C) Suppose 6 > 2. Find the method of moments estimator 0 of 0.

v X (6-2)2
n o _1)2 _ Y _
LSy, -x o (022 L poxa
N o (6-2) VX -1

d) Suppose N=5, and X;=5 X,=12, X3=2, X,=12, Xg=15.
Find the method of moments estimate 6 of 0.
X =4.34,

24434 -1
= ————~ ~ 2923.
434 -1

DI



For fun:

&)  Find E(XX), k<o-1.

f(X;p) = ([3——1)2-@—5 is a probability density function

P B>1.
T InX 1
dx = : 1.
- { O TR
E(x¥) = j x K. fy (x)dx = j xk.(e—l)z-m—;(dx
—0 1 X
T Inx (6-1)2
= (0-1)%- dx = ,
1) {xe—k (0-k-1)
2 2
For example, E(X) = E(X!) = (6-1) _ (6-1)

(6-1-1)2  (0-2)2



