STAT 400 Stepanov
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b)

Examples for 6.4 (3) Dalpiaz

The Weibull distribution has many applications in reliability engineering, survival
analysis, and general insurance. Let 3>0,0>0. Let X 1> X9,...,Xp bea

random sample of size N from the distribution with the probability density function

o
f(x;p.8) = pax9 e PX" x>, zero otherwise.

Suppose O is known.

Obtain the maximum likelihood estimator for 3, ﬁ .
n -B X.6
d-1 l
1=1

InL(P)= n-ln[3+n-1n8+(8—1)-§: InX; —B-i x?.
i=1 i=1

TMs=
P
i e?]

Suppose 0=3, N=5, and X;=02, X,=12, X3=02, X,=09, X;=03.

Obtain the maximum likelihood estimate for J3, [§ .
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Suppose B is known.

A

c) Obtain an equation for the maximum likelihood estimator for &, 0.
“Hint”: iln L(8)=0.
do

_Rx9
L(S)]ﬂ[{ﬁﬁxf‘le P }

i=1

n n
InL(8)=n-np+n-nd+(8-1)-3 nx; -p-3 x?2.
i=1 i=1

d1 - n J N5 3
—InL(§) = §+Zlnxi —B-Z X{ Inx; = 0.
=1 =1

This equation cannot be solved algebraically for O in closed form.

The solution could be approximated for given X, X,, ..., X

by using iterative numerical procedures.

d) Find a closed-form expression for E( X k ), k>-38.

(e8]
“Hint’1:  U=PXO “Hint’2:  T(a)=[u®'eYdu, a>o.
0

o0
E(xX) = jkaé‘)xa‘le‘ﬁxsdx u=px%  du=psx9Tdx
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Suppose O is known.

e) Obtain a method of moments estimator for 3, f.
1 (1 - 1 (1
E(X)= ——=I|=+1]. X = r<=+14.
0= (5] a5
d
F(éﬂj
b=|—=
X

f) Suppose 0=3, N=5, and X,;=02, X,=12, X3=02, X,=09, X;=03.

Obtain a method of moments estimate for 3, B.

“Hint™: r(x) R: > gamma(x)
Excel: =GAMMA(x)
x = 28 _ 056 r[%} ~ 0.89298.

=

3
_ (0-89298j ~ 4.0547.
056

More on the Method of Moments:

E(X)=h(0). Set X =h(9). Solve for 6.
OR
—— —_~ —— n
E(xK)=h(e). Set XK =h(0), where X =%_zx}<.

Solve for 0 .
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r@ ~ 0.902745.
0902745 '
' j ~ 2.5473.
0484
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b)

Let X, X,, ..., X}, be arandom sample from the distribution with probability
density function

fy(X) = fX(x;e)=(92+e)x9‘1(1—x), 0<Xx<1, 0>0.

~

Obtain the method of moments estimator of 0, 0 .

= 9.(@_,.1).( 1 X9+1 _ 1 X6+2] 1 _ 9'(9"'1) _ 0 .
0+1 0+2 0 (0+1)(6+2) 0+2
OR
Beta distribution, o0=0, [=2. = E(X) = i
0+2
Y% §=X-(0+2) §-0X=2X
0+2
52X I <
= 0 =——, where i:—-ZXi.
1-X n i=1

Suppose N=6, and X, =03, X,=0.5, X3=0.6, X,;=0.65, X5=0.75, X;=0.38.

Find a method of moments estimate of 0.

X, =03, X,=05, X3=0.6, X,=0.65 X5=0.75, X,=0.8.

X =0.6. p-2X_3
- X



d)

Is 0 an unbiased estimator of 0? Justify your answer.

Consider g(X)=2—X. Then g(i)zg, g(i)ze.
1-X 0+

4

(1-x)°

Also  g"(x)= >0 for 0<X<I1, ie., Q(X) is strictly convex.

By Jensen’s Inequality,

E(0)=E[g(X)] > g(E(X)) = g(uy) - g(%) — 0

Therefore, 0 is NOT an unbiased estimator of 0.

Obtain the maximum likelihood estimator of O, é .

That is, find é=argmaxL(9)=argmaxlnL(G),

where L(0)= ﬁ f (Xi ;9).
i=1

2

—_h++/ _

“Hint™: ® b+ 2 4ac;
a

@ 0>0;

©) Since 0<X<1, Inx<0.

L(0) = ]ﬂ[f(xi ) = f(x:0) f(x:0) ... f(xp:0)
i=1

- (e%e)n{irn[lxi}elirn[l(l-xi ).



InL(0) =nin(62+0) + (6-1) Zn: Inx + Zn: ln(l—Xi )
i=1 i=1

' 2n0+n n
InL(O = + InXx. = 0.
( (9) 02+0 g{ '

R R n
= >02+(2n+X)0 +n=0o, where X = 3 InX;.
i=1

5 —2n—ZJ_r\/(2n+Z)2—42n NS4 4n2 4y 2

= = =
22 22

Since 0<X<1, InX<O0. = 2z <0.

= (2n+X)2 =4n?+4nX+3X% < 4n?+32

= [2n+Z| < V4n2+22,
2N+Y + V4n24+3?

= Since 0 >0, 0 = ,
2%

n
where 2 = z lnXi.
i=1

Suppose N=6, and X, =03, X,=0.5, X53=0.6, X,;=0.65, X5=0.75, X=0.3.

Find the maximum likelihood estimate of O.

~

n
Y = > InX; =~ —3.349554, 0 ~ 3.151.

y |
=1



3.

a)

b)

Let A>0 and let X 1> X9, ..., X bearandom sample of size N from a double

exponential distribution. That is,

e MX‘ —00 <X <o0.

f(X;A) = 5

Find E( Xk) for positive integer K.
Ky _ o x| k A aax Ao AX gy —
E(XX)= j x K € dx = j X< e dx+jx 5 dx =

k odd ... =0.

k. A

o0 o0
k even L= 2-j X e MXdx = jk-xl<e‘7“X dx
0

k+1 T A K (KT g AX gy _ r(k+1) _ k!
k k-
01“k+1 by A

Obtain the maximum likelihood estimator of A, ?A» .

n n n
L(A)= }L—nexp{k- Z‘ X ‘} InL(A)=nlnA-nIn2-A- Z‘ Xi ‘
2 i=1 i=1
9 a)=" 5 x| =0 SO N
dA oGt



4. Let A >0 and let X1,X,, ..., X bearandom sample from the distribution

with the probability density function

2
f(x;n)=a3x5e X7, X> 0.
a) Find E(Xk), k>—6. “Hint™: Consider U=AX2.
T ~Ax2
BE(xK) = [xK.a?xe M dx u=ax2 du=2Ax
0

k
2 o 2+— o0
_ AT (Ej 26 Ugy - l?fk/z-j 2+k/2 Uyy
2 by 2

0 0
K ~k/2 ( 3+ E J
2
b) Obtain the method of moments estimator of A, A . Suppose N =4, and
X{=4, X,=2, X3=4, X,=3. Find the method of moments estimate

of A.

E(X) = lx‘l/zr(ulj = L2l (2+lj - }Cl/z-é-z-r(Hl
2 2) 2 2 2) 2 22 2

_ L2531 (1Y) 1,253 1 — _ 15 @
2 222 2 2 222 16 |\ )
15 | _ < - > _ 225_7:
16 V2 256 (X )
B B B B - 13 5
225t 225m

~ 0.2614.

>

i 256(X ) 2704



OR

1,-2/2 2 1,-1 3! 3
B(X?) = —A 7 T[3+2 | = A" T(4) = = = 2.
(x?) 5+ (4)-2-2
— n ~
2o x2=Lliyx? S R, = =3
2 X
i=1
n
X[ =4, X,=2, X3=4, X,=3 > X} =45
i=1
Y 12 4
ey = o 122 0.2667.
no 45 15
2. X
i=1
Obtain the maximum likelihood estimator of A, A Suppose N =4, and

X|=4, X,=2, X3=4, X4=3. Findthe maximum likelihood estimate
of A.

n 3 A X2 N 5 L 2
L(%) = H(x x5 e M j InL(A) = 3n-Ind+ Y Infx? |23 x2.
i=1 i=1 i=1
n ~
(InL(R))" = 37”__2 X2 = 0. = A= 20
=1 ZX|2
1=1
n
X[ =4, X,=2, X3=4, X,;=3 > Xt =45
1=1
- 3N 12 _ 4
A=— =" =— =~ 0.2667.
45 15



0.50 +
0.45 -
0.40 -
0.35 -
0.30 -
0.25 - k=15
0.20 - — =13
0.15 -
0.10 -

0.05 A

D-m I I I T T I I I I 1

o0
Useful facts: Def T'(x)=(u X-1g-Udu, X> 0.
0

r(1)=1.

C(X)=(X-1)T(x-1).

= r(n)=(n-1) if N is an integer.



