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1. The Weibull distribution has many applications in reliability engineering, survival 

 analysis, and general insurance.     Let   > 0,  > 0.     Let  X 1 , X 2 , … , X n  be a 

 random sample of size  n  from the distribution with the probability density function 
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 Suppose    is known. 
 

a) Obtain the maximum likelihood estimator for  ,  β̂ . 
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b) Suppose     = 3,    n = 5,    and    x 1 = 0.2,    x 2 = 1.2,    x 3 = 0.2,    x 4 = 0.9,    x 5 = 0.3. 

 Obtain the maximum likelihood estimate for  ,  β̂ . 
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 Suppose    is known. 
 

c) Obtain an equation for the maximum likelihood estimator for  ,  δ̂ . 
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 This equation cannot be solved algebraically for    in closed form. 

 The solution could be approximated for given  x 1 , x 2 , … , x n 

 by using iterative numerical procedures. 
 
 
-   -   -   -   -   -   -   -   -   -   -   -   -   -   -   -   -   -   -   -   -   -   -   -   -   -   -   -   -   -   -   -   -   -   -   - 
 
 

d) Find a closed-form expression for  E ( X 
k

 ),   k > – . 
 

 “Hint” 1: u =  x 
  “Hint” 2:   


 

0

1     
    duua ua e ,     a > 0. 

 
 

 E ( X 
k

 )  =  




0

δ  1  β δ      δβ dxxx xek   u =  x 
          du = 1δ   δβ x  dx 

 

    =  









 

0

   
 δ

 
β

duu u
k

e   =  







 1 

δ
1

δ
 

 β

k
k

. 



 Suppose    is known. 
 

e) Obtain a method of moments estimator for  ,  β . 
 
 

 E ( X )  =  





  1

1
 

δ
1

δ
 

  1β
.   X   =  






  1

1
 

δ
1

δ
 

  1β
~ . 

 

    β
~

  =  

δ

X

1
1

 

 
δ
























 

. 

 
 
 
f) Suppose     = 3,    n = 5,    and    x 1 = 0.2,    x 2 = 1.2,    x 3 = 0.2,    x 4 = 0.9,    x 5 = 0.3. 

 Obtain a method of moments estimate for  ,  β . 
 
 “Hint”:   ( x )  R:  > gamma(x) 

     Excel:  =GAMMA(x) 
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More on the Method of Moments: 
 

 E ( X ) = h (  ).  Set X  = h ( θ
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2. Let  X 1 , X 2 , … , X n  be a random sample from the distribution with probability 

 density function 
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a) Obtain the method of moments estimator of , θ
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b) Suppose   n = 6,   and   x 1 = 0.3,   x 2 = 0.5,   x 3 = 0.6,   x 4 = 0.65,   x 5 = 0.75,   x 6 = 0.8. 

 Find a method of moments estimate of  . 
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c) Is θ
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 an unbiased estimator of   ?   Justify your answer. 
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d) Obtain the maximum likelihood estimator of   , θ̂ . 

  That is,  find  θ̂  = arg max L (  ) = arg max ln L (  ), 
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 Since  0 < x < 1,   ln x < 0.     <  0. 
 

   ( 2 n +  ) 
2  =  4 n 

2 + 4 n  +  
2  <  4 n 

2 +  
2. 

 

   | 2 n +  |  <    
  

2 24 n  . 
 

   Since   > 0,  θ̂   =  
  

   

 

2 22 4

2

  n n 


 



, 

where     =   

1

Xln
n

i
i
 . 

 
 
 
 
 
e) Suppose   n = 6,   and   x 1 = 0.3,   x 2 = 0.5,   x 3 = 0.6,   x 4 = 0.65,   x 5 = 0.75,   x 6 = 0.8. 

 Find the maximum likelihood estimate of  . 
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3. Let   > 0  and  let  X 1 , X 2 , … , X n  be a random sample of size  n  from a double  

 exponential distribution.  That is, 

   f ( x ;  )  =  
   λ

  
2

 λ xe 
,  –  < x < . 

 

a) Find  E ( X 
k

 )  for positive integer  k. 
 
 
 

 E ( X 
k

 )  =  




 dxx
xk e  

 λ
  

2
   

    λ
  =  











0

0

 λ  
2

    λ  
2

         λλ dxxdxx xkxk ee   =  … 

 
 

 k  odd  …  =  0. 
 
 

 k  even …  =  



0

 λ  
2

   2    λ dxx xk e   =  



0

 λ     λ dxx xk e  

         =  
 

 



 




0

11
1

 λ  
1

 
1  

  

    
 

 

λ

λ
dxx

k
k xk

k

k
e   =  

 
k

k
 λ

  1
  =  

k
k

 λ

! 
. 

 
 
 
 

b) Obtain the maximum likelihood estimator of  , λ̂ . 
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4. Let   > 0  and let  X 1 , X 2 , … , X n  be a random sample from the distribution  

 with the probability density function 
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b) Obtain the method of moments estimator of  , λ
~

.          Suppose  n = 4,  and 

 x 1 = 4,     x 2 = 2,     x 3 = 4,     x 4 = 3.     Find the method of moments estimate 

 of  . 
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c) Obtain the maximum likelihood estimator of  , λ̂ .          Suppose  n = 4,  and 

 x 1 = 4,     x 2 = 2,     x 3 = 4,     x 4 = 3.     Find the maximum likelihood estimate 

 of  . 
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Useful facts:   Def   
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