STAT 400 Fall 2017
Joint Probability Distributions )

1. Let X and Y have the joint p.d.f.

fx y(Xy) = Cx2y3, 0<x<l1, 0<y<+/X, zeroelsewhere.

a) What must the value of C be so that fy (X,Y) is a valid joint p.d.f.?

b)  Find P(X+Y<1). ¢) Let 0<a<1. Find P(Y<aX).
d)  Let a>1. Find P(Y<aX). e) Let 0<a<l1. Find P(XY<a).
f) Find fy(X). g) Find E(X).

h) Find fy(Yy). i) Find E(Y).

7 Find E(XY). k) Find Cov(X,Y).

1) Are X and Y independent?

2. Let X and Y have the joint probability density function

fx y(xy) = %, X>1, 0<y< %, zero elsewhere.
a) Find f, (X). b) Find E(X).
c) Find f, (y). d) Find E(Y).
3. Let X and Y have the joint probability density function
fx v(Xy) = %, 0<X<1, 0<Y<X, zero elsewhere.
a) Find f, (X). b) Find E(X).
c) Find f, (y). d) Find E(Y).

€) Find P(X+Y>1). f) Find Cov(X,Y).



Let X and Y be two random variables with joint p.d.f.

f(X,y) = 64Xexp{-4y} = 64 xe™ Y,

zero elsewhere.
Find P(X%>Y).
Find the marginal p.d.f. f, (X) of X.

Find the marginal p.d.f. f,(y) of Y.

Are X and Y independent? If not, find Cov(X,Y) and p=Corr(X,Y).

Let a>1. Find P(Y >aX).

Let a>0. Find P(X+Y<a).

0<x<y<oo,

Let the joint probability mass function of X and Y be defined by

X+Yy
32 7

pP(xy)= X=1,2,

Find P(Y > X).
Find Py (X), the marginal p.m.f. of X.
Find Py (Y), the marginal p.m.f. of Y.

Are X and Y independent? Ifnot, find Cov(X,Y).

y=1,23,4.

Let the joint probability mass function of X and Y be defined by

_ Xy -
P(X.Y) 30 X=1,2,

Find P(Y > X).
Find Py (X), the marginal p.m.f. of X.
Find Py (Y), the marginal p.m.f. of Y.

Are X and Y independent? If not, find Cov(X,Y).

y=12,3,4.



b)

d)

Suppose the joint probability density function of (X,Y) is

2
f(x,y):{cxy 0<y<x<l

0 otherwise

Find the value of C that would make f (X, y) a valid probability density function.
Find the marginal probability density function of X, fy (X).

Find the marginal probability density function of Y, fY (Y).

Find P(X>2Y). e) Find P(X+Y<1).

Are X and Y independent? If not, find Cov(X,Y).

Let X and Y have the joint probability density function
f(X,y) =Cx, 0<x<1, 0<y<x(1-x), zero elsewhere.
Find the value of C so that f(X,Y) is a valid joint p.d.f.
Find f, (X). c) Find E(X).
Find f, (y). e) Find E(Y).

Are X and Y independent?

Let X and Y have the joint probability density function

X+4 O<y<Xxl
fx v(Xy) = { 0 d y

otherwise
Find P(X>4Y).

Find the marginal probability density function of X, fX( X).
Find the marginal probability density function of Y, fY (Y).
Are X and Y independent? Ifnot, find Cov(X,Y).

Find P(Y>0.4|X<0.8). f) Find P(X<0.8|Y>0.4).



1. Let X and Y have the joint p.d.f.

fx y(xy) = Cx2y3, 0<x<l1, 0<y<X, zeroelsewhere.

a) What must the value of C be so that fy (X,Y) is a valid joint p.d.f.?
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b) Find P(X+Y<1).
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c) Let 0<a<1. Find P(Y <aX).

1 aX
P(Y<aX) = j{ [20x%y’ dy]dx
0l 0

| wn
D

1
- I5a4x6dx -
0




d)  Let a>1. Find P(Y<aX).

y=+/X and y=ax

Q[ =

1
=  X=—, y
a2

o | 2 o | 3a® 3 7al0

1/a( y/a 1/a 6
P(Y<aX)=1- | ( j20x2y3dedy =1- | [203' _20y9 de 2
y

1/a? [ x /a2 5
P(Y<aX)=1- [ | [20x*y’dy |dx = 1- j ( 4—5a4x6)dx=1—

10 °

e) Let 0<a<1. Find P(XY<a).

1 (X 1 a*
P(XY<a)=1- [ | [20x*y’dy |dx = 1- | (5x4—5—2de

a?3 {a/x a23



2

h)

)

k)

= 6al93 _5a4.

Find fy(X).

Jx
fx(x) = J20x*y>dy =5x* 0<X<I.

Find E(X).

1
E(X) = [x-5x*dx =
0

N\

Find fy(Yy).

\®]
w8

1
fy(y) = [20x*y’ dx -(y3—y9), 0o<y<l.

y2

Find E(Y).

E(Y)—jy—(y y® )dy - ( y 2°y10jdy:iﬂ:i

O ey —

Find E(XY).

1 Vx 8
E(XY) = [| [xy-20x>y>dy |d j4x“/2 dx = i3
0l 0 0

Find Cov(X,Y).

Cov(X,Y) = E(XY)—E(X)-E(Y) = %_2-181 % ~ 0.009324.



D

2.

b)

Are X and Y independent?

f(x,y) # f5 . (X)-f,(y). = X and Y are NOT independent.

The support of (X,Y ) is NOT a rectangle.

= X and Y are NOT independent.

Cov(X,Y) #0. = X and Y are NOT independent.

Let X and Y have the joint
probability density function 3

1
fX,Y(X, y) = X’

1
X>1, 0<y<—,
Y=

zero elsewhere. 1 4

Find fX(X) 0

-------------------------------------

1
fy (X) = ?(ldy = L, X>1.
0 X x 2

Find E(X).

L

2

o0
Since I X-
1 X

dx - {%dx = (1nx)[*

diverges, E(X) does not exist.



d)

b)

Find f, (y).

7
f (y) = j-—dx = (Inx)

1

1
/ ln——lnl = —Iny,
! y

Find E(Y).

| 5 )
E(Y) = Iy(—lny)dy = [_yTlnery J 1
0

4

Let X and Y have the joint probability density function

1, 0<X<I, 0<Yy<X,

fX’Y(X, y) = X

zero elsewhere.

Find f, (X).

fe(X) =

=1, 0<X<l.

S — X

Lay
X

Find E(X).

X has a Uniform distribution on (0, 1). =  E(X)

1

1
OR E(X) = [ x-1dx = 3

1
o 4

1

0o<y<l.

1
5



c) Find f, (y).

dx = (lnx); = Inl-Iny = —Iny, o<y<l.

f()}1
y:_
Y yX

d)  Find E(Y).

1 2 2\ 1
E(Y)=[y(-Iny)dy = [yTIny+yT} VT
0

e)  Find P(X+Y21).

X

I
f;ddeX o

P(X+Y2>1) = } [
0.5 \1-X

1 1
J-ZX—ldX _ J-

[2—ljdx
05 X 0.5 X

1
(2x-Inx) 0s

— 1+1n05 %

1-In2 ~ 0.3068528.

f) Find Cov(X,Y).

1 (X 1 1 (X IXZ 1
E(XY) = | jxy-;dy dx = [| [ ydy [dx = dex =<
0 0

0\o0 0

A
4 24

N | =

Cov(X,Y) = E(XY)-E(X)-E(Y) = %



4. Let X and Y be two random variables with joint p.d.f.
f(X,y) = 64Xexp{-4y} = 64 xe Y, 0<X<Y<oo,

zero elsewhere.

a)  Find P(X2>Y).

o x>
P(x2>Y) = [ [eaxe™ dydx
1 X

o0 o0 )
I16xe‘4x dx-j 16 xe X dx
1 1

u=4x2 du=8xdx

o0
- j 2e Y du
4

(e 0]

1

(—4xe‘4x —e““‘)

se4re 4 2e4=3e"4x~ 0055

b) Find the marginal p.d.f. f, (X) of X.

o 0]
fx(x) = [eaxe™ dy = 16 xe™, 0<X<oo.
X

X has a Gamma distribution with aa =2, A =4.

c) Find the marginal p.d.f. f,(y) of Y.

y
fy(y) = [eaxe™dx =32y2e™, 0<y <o,
0

Y has a Gamma distribution with oo =3, A =4.



d)

Are X and Y independent? If not, find Cov(X,Y) and p=Corr(X,Y).

f(x,y) # f(X)-f (y). = X and Y are NOT independent.

OR

The support of (X,Y ) is NOT arectangle. = X and Y are NOT independent.

X has a Gamma distribution with oo =2, A =4, E(X)= %, Var(X):%
Y has a Gamma distribution with o0 =3, A =4. E(Y)= %, Var(Y)= %
T 64 T 43
E(XY) = [ [xy-eaxe™¥dxdy = [Zy*e™dy = [Z-y*e™ dy
3 3
00 0 0
o0 o0 5
_ 8 4° e4Y g 1 4 5.1 -4y 1
= | 57 | == e dy = -.
42 I2 Yy =3 I1“5)y ¥ =3
0 0
cov(x,Y) = L-L3 -1 _ 125
’ 2 24 8 77
p=Corr(X,Y) = s Y2 3165
2 1 . 3 . .
s 93



e)  Let a>1. Find P(Y>aX).

Q0 00
P(Y>ax) = [ [64xe™ dydx
0ax
* 1
0 = [16xe™* @ dx = —
0 a2
0
fy  Let a>0. Find P(X+Y<a).
a/2 a-x

P(X+Y<a)= [ [eaxe™ dydx
0 X

(16xe‘4x _l6xe4a e4xjdx

a/2
J
1

a/2
0

(_4xe—4x _ e X _ 4y 4@ gdx, g-4a e4xj

= l-e*@_49e722,



S.

b)

d)

Let the joint probability mass function of X and Y be defined by

p(x,y)= x;;y’ X=1,2, y=1,2,3,4.

« \ Y 1 2 3 4 P (X)

1 /3 Vs Ve 5 140 = 16
2 3 Ve /5 %12 18/ = %

Pyv(Y) Ve o VUno Yno W 1

Find P(Y > X).

P(Y>X) = p(1,2)+p(1,3)+p(1,4)+p(2,3)+p(2.4) = B/,

Find Py (X), the marginal p.m.f. of X. T

Find Py (Y), the marginal p.m.f. of Y. T

Are X and Y independent? If not, find Cov(X,Y).

P(XY) # Py (X)-py(Y) X and Y are NOT independent.

E(X) = Ix—bt2x> = 22 = {565,
16 16 16

E(Y) — 1xi+2xl+3xi+4x£ = % = ﬁ = 2.8125.
32 32 32 32 32 16

E(XY) = 1><i+2><i+3><i+4><i+2><i+4><i+6><i+8><i
32 32 32 32 32 32 32 32

35 25 45 5
Cov(X,Y) = E(XY)-E(X)-E(Y) = =12+ 12 = =5



6.

b)

d)

Let the joint probability mass function of X and Y be defined by

_ Xy
P(X.Y) 30

w \ Y 1 2

X

3

4

y=1,2,3,4.

Px(X)

! Y30 /30
2 /3% Y30

730
%30

V0

%30

10/3021/3
20/30:2/3

py(Y) Vo 2/

Find P(Y >X).

3
10

Y10

P(Y>X) = p(1,2)+p(1,3)+p(1,4)+p(2,3)+p(2,4) = 23/, .

Find Py (X), the marginal p.m.f. of X.

Find Py (Y), the marginal p.m.f. of Y.

1

T

Are X and Y independent? If not, find Cov(X,Y).

P(XY) = Py (X)-py(y) forall
X and Y are independent.

Cov(X,Y) = 0.

X, Y.



7. Suppose the joint probability density
function of (X,Y) is

2
f(x’y):{ny 0<y<x<l ;

0 otherwise

a) Find the value of C that would
make f (X, y) a valid probability

density function. 0

o
—

b) Find the marginal probability density function of X, fy (X).

o X X
fx(x) = [f(x.y)dy = jlsxyzdy = 15x[j yzdy} = 15x(ly3
—0 0 0

c) Find the marginal probability density function of Y, ., (y).

o0

1
fy(y) = If(X=Y)dX = J.lsxyzdx = 15y26x2j ;
e Y

:_y2(1—y2)=7.5y2—7.5y4, 0<y<l.




d)  Find P(X>2Y).

1 (x/2
P(X>2Y) = J'[ jlsxyzdyjdx
0

0

X/2

'1[15x j yzdy]dx
0 0

1. 1
15 X —y3]
3

e)  Find P(X+Y<1).

12(1-y
P(X+Y<1) = j jlsxyzdx dy
ol y

1/215 -y
_ 2
= J‘?y j'zxdx dy
0 y
1/2
15
= Iaﬂﬂ(ﬁ—yf—yzﬁy
0
1/215 1/2
_ 2 _
ER U—zywy—-j(
0 0
_ (é 3 15 4] /2 s
R 0 16

1 4

0.5 -

léy2—15y3jdy
2

5 5

64 64



Are X and Y independent? If not, find Cov(X,Y).

Since the support of (X,Y ) is NOT arectangle, X and Y are NOT independent.

OR

Since f(X,y)#f(X)-f,(y), XandY are NOT independent.

1

S
0 6

E(X)= T x- fy(x)dx = Jl' x-(s x4jdx = [%-x6j
0

—00

© 1
15 15 1
E(Y)= [y-fy(y)dy = [ y-1sy2(1-y? Jdy - (;-y“—a-yﬂ
0

—00

0\0 0\0

1 (X ) (X s ] 1
E(XY)=[|[xy-15xy>dy|dx = j?x dy dx=—8.

Cov(X,Y) = E(XY)—E(X)xE(Y) = %-%% _ %6 ~ 0.01488



8. Let X and Y

have the joint probability density function

f(X,y) =CXx, 0<x<1, 0<y<x(1-X), zero elsewhere.

a) Find the value of C so that f(X,Y) is a valid joint p.d.f.

| | 1 x(1-x)
025 G S Musthave 1= [| [ Cxdy |dx
| | oL o
! c
—cf(x2-x)ax = &
| | 12
0 ' Y 0
0 0.5 1
= C=12
b)  Find fy(X).
0.25 - -----------
| | x(1-x)
| § fx(x) = [raxdy = 12x*(1-x),
| | 0
| | 0<X<I.
0 ; l
0 0.5 1

c) Find E(X).

1 1
E(X) = [ x-12x* (1-x)dx = j(12x3—12x4)dx = (3x4—2.4x5)

0

1
= 0.6.
0

0



y<X(1-X)

= X <X<X,, where

X2 X 1
fy(y) = jlzxdx = (6X2) = 124 --Yy = 641-4y, O<y=<y-

X
X 1

e) Find E(Y).

_ g2 L 1
E(Y)= [ y-12,/--ydy u=_-y

1/4 1

{ 12(%-u}ﬁdu =

/4
j(3u1/2 —12u3/? )du
0

1/4

~ (2u?2 _45u5/?) , =025-0.15 = 0.10.

f) Are X and Y independent?

f(xy) # f,(X)-f,(y). = X and Y are NOT independent.

OR

The support of (X,Y ) is NOT arectangle. = X and Y are NOT independent.



b)

d)

Let X and Y have the joint probability density

function
X+4Yy O<y<X<l
fxy(XYy) =
0 otherwise
Find P(X>4Y).
1_ ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
1( X/4
P(X>4Y) = j j(x+4y)dy ax 2 |
ovo ) L |
1 2 e LA
= j&dx = %
0 " . 1

Find the marginal probability density function of X, fy (X).

=3x2,  0<x<l.

fy(X) = [(x+4y)dy = (xy+2y2)§

S — X

Find the marginal probability density function of Y, ., (y).

fo(y) }x+4 =ﬁ+4x Po gy 2y 0<y<l
v(Y) , y)d 5 yy > yzy, y<1

Are X and Y independent? If not, find Cov(X,Y).

The support of (X,Y) is not arectangle. = X and Y are NOT independent.
OR

f(x,y)=f(X)-f,(y). = X and Y are NOT independent.



1
~ (x-3x2dx = >
E(X) (j)xsx dx 7
1
(v [liay_2y2|gy = L 22 _ 11
E(Y) iy(2+4y 27 jdy 47378 4
E(XY)Zj. )j(x ((x+4y)dy [dx = }Ex“dx _
oo y y)ey ) 6 30

1 311 11
Cov(X,Y) = E(XY)-E(X)-E(Y) = 0 12 " 180

Find P(Y >0.4|X<0.8).

(ANB)

Def P(A|B)= P p(B) provided P(B)>0.

0.8
P(B) = P(X<08) = [3x*dx =08° = 0512,
0

P(ANB) =P(Y>04NX<08) Ojg[)j((xwy)dy]dx

0.410.4
0.8
- j(3x2—0.4X—0.32)dx = (x3—0.2x2—0.32x)
0.4

P(ANB) _ 0224 7 _ ( 43ms

P(Y>04]X<08) = = =
(Y>04]X<08) P(B) 0512 16

08 _ 0.204.
0.4



Find P(X<0.8|Y >0.4).

(ANB)

Def P(B|A)= P p(A) provided P(A)>0.

1
P(A) = P(Y>04) = | G+4y—%y2de

0.4

1 2_3y3
(2y+2y 2yj

= 0.576.

1
0.4

P(ANB) _ 0224 _ 7 (30009
P(A) 0576 18 '

P(X<08|Y>04) =



