STAT 400 Homework 08

Spring 2018 | Dalpiaz | UIUC
Dwue: Friday, March 30, 2:00 PM

Exercise 1

Consider two random variables X and Y with

L] O'X = 2
() JY = 3
e Var[4X — 5Y] = 481.

What is the correlation between X and Y7 That is, calculate pxy .
Solution:

First, by definition of the variance of two random variables, we have
Var[dX —5Y] = (4)? - 0% + (=5)* - 0% + (2)(4)(=5)oxy
Thus,
481 = (4)% - 22 + (=5)? - 32 + (2)(4)(-5)oxy
Which gives

OxXy = —4.8

Then, finally,

oy = =2 = 28 [20380]

ox 0y

Exercise 2

In Pawnee, Indiana, the price of a pound of bacon, X, varies from day to day according to a normal
distribution with mean of $4.12 and a standard deviation of $0.16. The price of a dozen eggs, Y, also varies
from day to day according to a normal distribution with a mean of $1.94 and a standard deviation $0.06.

Assume the prices of a pound of bacon and a dozen eggs are independent.

(a) Find the probability that on a given day, the price of a pound of bacon is more than twice as expensive

as a dozen eggs. That is, find P(X > 2Y).
Solution:

We first define

D=X-2Y.

Then, we need to find



P[X >2Y] = P[X —2Y > 0] = P[D > 0].

First,

pp=1-px —2-py =4.12—-2-1.94=0.24

and

02 = (1) 0% +(=2)%- 02 = (0.162) + (22)(0.06%) = 0.04.

Thus we have

D ~ N(up = 0.24,0% = 0.04).

Then finally

P[X>2Y]:P[D>O]:P[Z>0?/(()7(ﬁ4)} = P[Z > —1.20] =[0.8849

# with standardization
pnorm(q = -1.20, mean = 0, sd = 1, lower.tail = FALSE)

## [1] 0.8849303

# no standardization
pnorm(q = 0, mean = 0.24, sd = sqrt(0.04), lower.tail = FALSE)

## [1] 0.8849303

(b) Ron Swanson needs to cook himself breakfast, so he buys 9 pounds of bacon and 7 dozen eggs. Find the
probability that he paid more than $50.

Solution:

Define a random variable, B, to be the cost of breakfast.

B=9X+4+T7Y

We need to find

P[9X + 7Y > 50] = P[B > 50]

First,

p =9 pux +7-py =7-412+4-1.94 = 50.66
and
0% =(9)2-0% 4+ (7)%- 0% = (9%)(0.16%) + (7%)(0.06%) = 2.25

Thus we have



B ~ N(up = 50.66,0% = 2.25).

Then finally

P[9X +7Y > 50 =P[B> 50 =P |Z > %\/5_205'66) = P[Z > —0.44] =[0.6700

Figure 1: A simple, Ron Swanson meal.

# with standardization
pnorm(q = -0.44, mean = 0, sd = 1, lower.tail = FALSE)

## [1] 0.6700314

# no standardization
pnorm(q = 50, mean = 50.66, sd = sqrt(2.25), lower.tail = FALSE)

## [1] 0.6700314



Exercise 3

Let X1, X5, ..., Xgp be a random sample of size n = 80 from a distribution with probability density function

fx)=6x(l—=z), 0<z<1, zerootherwise

Approximate P(0.48 < X < 0.52). Hint: Begin by calculating x and o?.

Solution:

1
u:E[X]:/ x - 6x(l —z)dx =0.50
0

1
E[X?] = / z? - 62(1 — z) dx = 0.30
0

0% = Var[X] = E[X?] — (BE[X])* = 0.3 — 0.5 = 0.05

Since n is “large,” we appeal to the central limit theorem, which suggests that X is approximately normal.
In particular,

_ 0.05
approx 9

Thus, we have,

0.48 — 0.50 <7< 0.52 —0.50
0.05 0.05
\/ "80 \/ 80
= P(—0.80 < Z < 0.80) = 0.7881 — 0.2119 = | 0.5762

P(0.48 < X <0.52) ~ P

# with standardization
pnorm(q = ¢(-0.80, 0.80), mean = 0, sd = 1)

## [1] 0.2118554 0.7881446
diff (pnorm(q = c(-0.80, 0.80), mean = 0, sd = 1))

## [1] 0.5762892

# no standardization
pnorm(q = ¢(0.48, 0.52), mean = 0.50, sd = sqrt(0.05 / 80))

## [1] 0.2118554 0.7881446
diff (pnorm(q = c(0.48, 0.52), mean = 0.50, sd = sqrt(0.05 / 80)))

## [1] 0.5762892



Exercise 4

After Cinderella submits her STAT 400 homework at 2:00 PM, she still has to wash the floor, do the laundry,
and do the dishes before she can go to a ball that starts at 5:00 PM. Suppose the time it takes her to wash
the floor has a normal distribution with mean 75 minutes and standard deviation 11 minutes (it’s a big
mansion), the time it takes her to do the laundry has a normal distribution with mean 84 minutes and
standard deviation 16 minutes (there are no washing machines yet), and the time it takes her to do the dishes
has a normal distribution with mean 42 minutes and standard deviation 8 minutes (there are no dishwashing

machines yet either). Assume that all these times are independent.
What is the probability that Cinderella finishes her chores before the ball starts?
Solution:

We are given

F ~ N(up = 175,07 = 11?)
L~ N(up = 84,02 = 167)
D ~ N(up = 42,0% = 8%)

Define C' to be the amount of time (in minutes) it takes Cinderella to complete her chores, then

C=F+L+D

Since expectation is a linear operator, we can easily obtain the mean of C.

jic = E[C] = E[F + L + D] = E[F] + E[L] + E[D]
=T75+84 442
=201

Since the time to complete each individual chore is independent, the variance of the chores is given by
02 = Var[C] = Var[F + L + D] = Var[F] + Var[L] + Var[D]
=11 + 16* + 8?
=441

oc = SD[C] = V441 = 21

Then finally, we calculate
180 — 201
P(C<180)=P (Z < 21) = P(Z < —1)=]|0.1587

Exercise 5

Suppose you take a trip to Stars Hollow Apple Orchard. Stars Hollow Apple Orchard is a magical place where
the weight of the apples exactly follows a normal distribution! They grow two types of apples, Fuji and Gala.

e The weight of the Fuji apples is normally distributed with a mean of 91 grams and a standard deviation

of 3 grams. Let X be the weight of a randomly selected Fuji apple.

e The weight of the Gala apples is normally distributed with a mean of 89 grams and a standard deviation

of 4 grams. Let Y be the weight of a randomly selected Gala apple.



(a) Suppose you pick one Fuji and one Gala apple at random. (Assume independence.) What is the
probability that the Gala apple weighs more than the Fuji apple? That is, find P(Y > X).

Solution:

We first define the difference in weights, D,

D=Y-X
Then find
PlY > X]=P[Y — X > 0] = P[D > 0
First,
pp = py — ppx =89 —91 = -2
and

Thus we have

D~ N(up = =2, 0p =5%)

Then finally

P(Y>X):P(D>0):P(Z>O_é_2)>:P(Z>0.40):

# with standardization
pnorm(q = 0.40, mean = 0, sd = 1, lower.tail = FALSE)

## [1] 0.3445783

# mo standardization
pnorm(q = 0, mean = -2, sd = sqrt(5 ~ 2), lower.tail = FALSE)

## [1] 0.3445783

(b) Suppose you pick sixteen Fuji apples at random. (Assume independence.) What is the probability their
total weight is less than 1.465 kilograms?

Solution:

We first define

16
S-3x,
i=1
Then

ps =n-pux = 16-91 = 1456



o3 =n-o0% =16-3% = 122

Thus we have

S ~ N(us = 1456, 0% = 122).

So finally

1465 — 1456
P(S < 1.465 kg) = P(S < 1465 g) = P (Z < 12) = P(Z <0.75) =[0.7734

# with standardization
pnorm(q = 0.75, mean = 0, sd = 1)

## [1] 0.7733726

# no standardization
pnorm(q = 1465, mean = 1456, sd = sqrt(12 ~ 2))

## [1] 0.7733726

(¢) Suppose you pick four Gala apples at random. (Assume independence.) What is the probability their
average weight is greater than 92 grams?

Solution:
Define
o1&
V=g
=1
Then
wy = py =89
2 42
n 4

Thus we have

So we have

_ 92 — 89
P(Y>92g):P<Z> 5 ):P(Z>1.5):0.0668

# with standardization
1 - pnorm(q = 1.5, mean = 0, sd = 1)

## [1] 0.0668072



# no standardization
1 - pnorm(q = 92, mean = 89, sd = sqrt(2 = 2))
## [1] 0.0668072

(d) Suppose you pick four Fuji and ten Gala apples at random. (Assume independence.) What is the
probability their total weight is greater than 1.247 kilograms?

Solution:
Define,
4 10
Boy XY
i=1 i=1
Then

pup=4-pux +10- puy = 1254

oh =4-0%+10-0% =4-32 +10-4% = 14?

Thus we have

B~ N(up = 1254,0% = 14?)

So we have

1247 — 1254
P(B>1247Tkg) =P (Z > 14) = P(Z > —0.50) ={0.6915

# with standardization
pnorm(q = -0.50, mean = 0, sd = 1, lower.tail = FALSE)

## [1] 0.6914625

# no standardization
pnorm(q = 1247, mean = 1254, sd = sqrt(1472), lower.tail = FALSE)

## [1] 0.6914625

(e) Suppose you pick six Fuji and four Gala apples at random. (Assume independence.) What is the
probability that at most one of these apples weighs less than 85 grams?

Solution:

First, note that
P[X < 85] = P[Z < —2] =0.0228

P[Y < 85] = P[Z < —1] = 0.1587

Let F' be the number of Fuji apples that weigh less than 85 grams. Let G be the number of Gala apples that
weigh less than 85 grams.



F ~ binom(n = 6,p = 0.0228)

G ~ binom(n = 4,p = 0.1587)
Then

P[F+G<1]=P[F=0]-P[G =0
+ P[F =0]- P[G = 1]
+ P[F =1] PG = 0]
~ 0.8710 - 0.5011
+ 0.8710 - 0.3780
+0.1217 - 0.5011

~ (0520

# prob of success for each type of apple

p = pnorm(q = 85, mean = c(91, 89), sd = c(3, 4))

# number of trials for each type of apple

n = c(6, 4)

# clever R code, without the intermediate rounding seen above

sum(dbinom(c(0, 0, 1), prob = p[1], size = n[1]) *
dbinom(c(0, 1, 0), prob = p[2], size = n[2]))

## [1] 0.826615
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