STAT 400 . . .
Discussion 05 Solutions

1. 23-11 2.5-3

If the moment-generating function of X is

2 t 1 2t 2 3t
M~ (¢ +—€e +—e€
x(1) = 3€ 73 5

Find the mean, variance, and pmf of X.

f=2, f2)= <. f3)=%.

M (1) = %et+§e%+ge3t. E(X) = My(0) = 2.
OR

E(X) = ()2 +(2)£+(3) 3 =2

My (t) = %et+§e2t+§e3t. E(X?) = My'(0) = =
OR

2 1 2 24
E(X?) = (1)? S +(2)? g+(3)2 S5 48

Var(X) = E(X?)-[E(X)]? = 48-22 = 0.8.
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2. Suppose a discrete random variable X has the following probability distribution:

fo)=", fy=-"1, k=2463, ...
8 3k

(possible values of X are even non-negative integers: 0,2,4,6,8, ...).
Recall Discussion #2 Problem 1 (a): this is a valid probability distribution.

a) Find the moment-generating function of X, My (7). For which values of ¢ does

it exist?

k=1 37 P
eZt
9 e?! 9
St T T g7 2 21
e 8 9-e 9-e 8
9
2t
Must have Y <1 for geometric series to converge. = t<In3.
b) Use My () tofind E(X).
Recall Week 04 Discussion Problem 1 (a): E(X) = 3%
’ Zezt(g_ezt ezz( 2ezt) 1821
My () = 5 = > t<In3.
(9_ezt) (9_ezt)
18 9
E(X) = My(0) = — = .
(X) = My(0) = 3 = 2



3. Suppose a discrete random variable X has the following probability distribution:

(1n3)

f(1)=In3-1, f(k)= , k=2,3,4,....
(possible values of X are positive integers: 1,2,3,4, ...).
Recall Discussion #2 Problem 1 (b): this is a valid probability distribution.
0 a k
“Hint™: Recall that Z —_—=
k=0 k!
a) Find the moment-generating function of X, My (7). For which values of ¢ does
it exist?
00 k
In3
Mx () = >, e . px) =el-(In3-1)+ > etk ( k')
all x k=2 )

k
00 (e 11'13) tl 3
el-(n3-1)+ > >~ 7 =ellm3-el+e® ™ —1-€'In3
k=2 k!

t
3¢ _ el —1, teR

b) Use My () tofind E(X).

Recall Week 04 Discussion Problem 1 (b): E(X) = 3In3-1 ~ 2.2958.

' t '
Mx(£)=3¢ -In3-e! - €', E(X) = Mx(0) =3In3-1.



4. Suppose the moment-generating function of X is
My (1) = 0.1e* +03e* +06e’".
a) Find p=E(X).
My (1) = 02e* +12e* +42¢e"",

E(X) = Mx(0) = 02+12+42 = 5.6,

b)  Find o =SD(X).
My (1) = 0.4e*'+48e* +294¢e7!

E(X?) = My (0) = 0.4+4.8+29.4 = 34.6.

Var(X) = E(X?) - [E(X)]* = 34.6-5.62 = 3.24.

SD(X) = J/3.24 = 1.8.

OR
My (1) = 012 +03e* v06e’. = X J(x)
2 0.1
4 0.3
7 0.6
X S(x) x-f(x) x> f(x) (x—p)2-f(x)
2 0.1 0.2 0.4 1.296
4 0.3 1.2 4.8 0.768
7 0.6 4.2 29.4 1.176
5.6 34.6 3.240
n=E(X)=Xx-f(x) = 5.6. Var(X) = 2 (x-p)2-f(x) = 3.24.
OR Var(X) = Tx2-f(x)-p? = 34.6-56% = 3.24.

SD(X) = J/3.24 = 1.8.



b)

Suppose a discrete random variable X has the following probability distribution:

flk)=P(X=k)=1a k, k=2,3,45,6, ..., zero otherwise.

Find the value of a that makes this is a valid probability distribution.

Musthave Y f(x)=1.

all x
00 2
- | = Z ak _ firstterm _ a '
= 1 - base 1-a
-1+
= a*+a-1=0. = a = I_T\/g
‘1‘25 <. - 4= ‘/32‘1 ~ 0.618034,

S~

Note: a where @ is the golden ratio.

I
?

Find P(X is even).

P(Xiseven) = f(2)+f(4)+f(6)+f(8)+ ...

st term
_alrattabrgbe ., = Jrsterm
1—base

= = = a ~ 0.618034.




C) Find the moment-generating function of X, My (7). For which values of ¢ does

it exist?

O o0 k .
M)((t) E(etx) = 2 etk .ak — E [a.etj ﬁlstl‘erm a e
= 1—base . t
k=2 k=2 1 1-e

(meq<d o t<hi =g~ 048121
a

d)  Find E(X).

2 2t t 2 2t t
2a“-e l-a-e” |—-a“-e -a-e
[ ) ( ) D a2 02 g3

My (1) = 5 = >
(l—a~etj (l—a-etj

t<lnl.

a
' 2a2—a3 2—a

E(X) = MX(O) = > = =3+a =~ 3.618034.

(1-a) l-a
OR

E(X)=2-a’+3-a’+4-a*+5-a°+6-a®+..

a-E(X) = 2-a’+3-a+4-a°+5-a% +...

= (1-a)-E(X)=a?+a’+a’+a*+a’+a®+. =a’+1.
a?+1 2—-a 1

Therefore, E(X) = = = l+—— = 3+a = 3.618034.

1-a 1—-a 1-a



b)

Let X be a continuous random variable with the probability density function

f(x) = %, x>5, zero otherwise.

Find the value of C that would make f(x) a valid probability density function.

Must have I flx)dx =1.
[00]

s L A C = 375,
3 X 3x

Find the cumulative distribution function of X, F(x)=P(X <x).

“Hint>:  Shouldbe F(5)=0, F()=1.

35 4, - 3T5[x _ 125

4

X
F(x)=P(X<x) = ,
£ u 3u3ls x3

Find the probability P(6 <X <10).

P(6<X<10) =

dx = — — = ___— _

1375 37510 125 125
s X 3x316 63 103

~ 0.5787-0.1250 = 0.4537.

OR

P(6<X<10) = F(10-)~F(6) = (1-12_5}(1-12_5}

10 63
~ 0.8750—0.4213 = 0.4537.



)

h)

Find the 80th percentile of the distribution of X, 7 g(-

P(X<mggy) = F(mogy) = -2
T 0.50)
Mg = 625 ~ 8.55.
OR
P(X27,g) = 0.20.
°j3 35, _ 375|e _ 125
Tozo * 3x3 Moso (mog)°
Togo = V625 ~ 8.55.
Find the expected value of X, E(X).
K T 375

E(X) = _[x-f(x)dx = jx-x—4dx =

S 5

Find the standard deviation of X, SD(X).

0

375

E(X) = Ixz-f(x)dx = OJ?xz-—dx
5

X4

—00

= 0.80.

= 0.20.

X

0
_ s
|

For fun:

Median = /250

5
2dx——

Var(X) = E(X?) - [E(X)]? = 75-7.5% = 18.75.

SD(X) = J18.75 ~ 4.33.

375
X |5

~
~

6.3.

75.



7. Let X be a continuous random variable with the probability density function
f(x) = Cx? 3<x<9, zero otherwise.

a) Find the value of C that would make f(x) a valid probability density function.

9 3 _
1= [cx2dy = Cx71o _ 72927 _ e, =L
3 3 |3 3 234

b) Find the probability P(X <5).

5 .2 3
P(X<5)= [ e = 2|5 = 125227 _ 98 _ 4 5130
) 234 702 |3 702 702 351

c) Find the probability P(X >7).

9 2 3
P(X>7) = [X g = X |0 o 729°343 _ 386 _ 19345499
7027 702 702 351



d)

Find the mean of the probability distribution of X.

Y 9 2 4
X X719 6480 90
E(X) = _.([O.X'f( ;[x —4 = % 3 = % = E ~ 6923

Find the median of the probability distribution of X.

x < p? y3ily  x3-27
(x) = P(X<x) _L /) £ 34 @ 02 3 702
3<x<0.

F(x) = P(X<x) =0, x<3.
F(x) = P(X<x) =1, x>09.

1 m3-27 1
F(m) = ~ moo2l-

2 702 2
m3 = %+z7 378, m = 3/378 ~ 7.23.



8. Suppose a random variable X has the following probability density function:

J(x)

7T .
COS X, 0<x< Py zero otherwise.

a) Find P(X < %)

/4
4
P(X < E) - Icosxdx = (sinx) W sinX _0 = Q ~ 0.7071
4 0 0 4 2
b)  Find p=E(X).
/2 )2 -
u=EX) = jx-cosxdx = (x-sinx+cosx) - E—l ~ 0.5708.
0
c) Find the median of the probability distribution of X.
x T
F(x) = P(X<x) = Icosydy = sinx, 0<x< >
0
Median: F(m) = P(X<m) = %
= sinm = L. m =T ~ 05236
2 6



Let X be a continuous random variable with the probability density function

f(x)=6x(1-x), 0<x<lI, zero elsewhere.

Compute P(L-20<X<u+20).

1
6xzdx—j6x3 dx = 6.6 _ 1 _ 0.50.
3 4 2

u=E(X) = j'x-6x(1—x)dx =
0

0

O —) —

1
6x>dx—[6x*ax = 2= =930
: 4 5

O —) —

E(X?) = }x2-6x(l—x)dx =
0
62 = Var(X) = E(X?) - [E(X)]? = 030-025 = 0.05.

o =+ 0.05 = 0.2236.

IL—2 G ~0.0528, L+2 6~ 0.9472.

0.9472
j 6x(1-x)dx = (3x2 —2x3) 09472
0.0528

0.0528

P(L-20<X<u+20) »

~ 0.992-0.008 = 0.984.



10.  Suppose a random variable X has the following probability density function:

f(x) = xe?, 0<x<lI, zero otherwise.

a) Find P(X < % ).

. 1/2
P(X<5) = j xeXdx = [xex—ex]
0

2 _ ., Ve

0 2

b)  Find p=E(X).

1

u=E(X) = Jx-xexdx = xzex—2xex+26x](l) =

0

C) Find the moment-generating function of X, M (?).

1 1
My (?) = je”-xexdx = jxe<t+l)xdx

Il
=
Q
—_
-~
+
—_
~—
=
|
—
Q
—_
~
+
—
=
1

r+1 (t+1)2 0
_ b 1 et . 1
t+1 (t+1)2 (t+1)2
_ te™ 41 e
(t+1)2’ '
! |
My(-1) = dex =

1-— ~ 0.175639.



11.  Let X be a continuous random variable with the probability density function

flx) = { c|x-3 0<x<s,

0, otherwise.

-2 -1 9 10
a) Find the value of ¢ that makes f(x) a valid probability density function.
e e}
Must have I flx)dx =1.
—0
8 3 8 9 25
1 = jc|x—3|dx = I (3-x dx+cj x-3)dx = Zc+==c = 17c.
2 2
0 0 3
= 1=17c = c = l
: 17
b) Find the probability P(X <5).
5 3 5
1 1 1 9 4 13
P(X<5)=[=|x-3]dx = —|(3-x)dx+—[(x-3)dx = =—+— = =.
( ) '[17| | 17j 7I( ) 34 34 34
0 0 3
OR
T 1 21 13
P(X<5)=1-P(X=25)=1-|—|x-3ldx = 1-—|(x-3)dx = 1-— = =
( ) ( ) j17| | 17.[( ) 34 34

5 5



-2 -1 9 10
c) Find the median of the probability distribution of X
Fy(x) =0, x<0,
X 2
1 9 (3-x)
Fy(x)= —|3-y)dy = ————"—, 0<x<3,
x (x) 17.([( y)dy 34 34
Fy(x) = i}(3— )d +i)jc( ~3)dy = 9 (x-3)° 3<x<8
X 174 Yy 17 Y Ve T
_ 9 :
Fy(3) = e = 3 <median<8.

oo 2)2
F y (median) = %+(medlan 3)

_ 1
34 2
=  (median—3)? = 8.

=  median = 3+8 ~ 5.828427.



d)

-1 9 10
Find the mean of the probability distribution of X.
17 ; 9 475
E(X)= | x- = — 3xdx+—xx3dx=—+—
(%) I f 7~[ J. ) 34 102
—00 0 3
502 251
= — = —— = 4.92157.
102 51

Find the variance of the probability distribution of X.

®© 3
E(X?) = [x2f(x)dr = =[x (3-x dx+—jx x-3)dx = 21,2075
© 0

3 68 68
= @ ~ 30.912-
34
2
~ B(X2)- 2 _ 1051 (25137 _ 34801
var(x) = E(X) - [ECOT? = 12 (51} 0 = 66



