STAT 400 ) . . Spring 2018
Discussion 07 Solutions pring

1. Suppose that number of accidents at a construction site follows a Poisson process with
the average rate of 0.80 accidents per month. Assume all months are independent of
each other.

“Hint”: If T, hasaGamma(a, 0= 1 / 3. ) distribution, where o is an integer, then

Fp (£) = P(Ty <) = P(X;20) and P(To>1) = P(X;<0-1),

where X, has a Poisson (A7) distribution.

a) Find the probability that the first accident of a calendar year would occur during March.

T, has Exponential distribution with A =0.80 or 0= 1/ go=1.25.

3
P(2<T;<3) = [080e ¥ dr = e 190 24 ~ 0.1112.
2

OR

P(2<T;<3)=P(T;>2)-P(T;>3) =P(X,=0)-P(X;=0)

= P(Poisson(1.60)=0)—P(Poisson(2.40)=0) = 0.202-0.091 = 0.111.

OR
no accidents during A at least one accident
the first two months during the third month

= P(X,=0)xP(X,=1) = 0202 x (1-0.449) ~ 0.111.



OR

Jan Feb Mar

no accident no accident  accident(s)

0449 x 0449 x  0.551 ~ 0.111.

b) Find the probability that the third accident of a calendar year would occur during April.

T, has Gamma distribution with =3 and A =0.80 or 6=1/; g=125.

P(3<T;<4) =P(T3>3)-P(T3>4) = P(X3<2)-P(X,<2)

= P(Poisson(2.4)<2)—P(Poisson(3.2)<2) = 0.570-0.380 = 0.190.

OR

4 3 4 3
P(3<Ty<4) = [ 280" 310800 g _ [ 0807 ;31 -0807 0189805
3 1 T(3) )

OR

two accidents during AND at least .one acc?dent
the first three months during April

one accident durin at least two accidents
£ AND , ,
the first three months during April

AND . .
the first three months during April

no accidents during at least three accidents J



C) Find the probability that the third accident of a calendar year would occur during spring
(March, April, or May).

T, has Gamma distribution with =3 and A =0.80 or 6=1/; ¢g=125.

P(2<T3<5) = P(T3>2)-P(T;>5) = P(X,<2)-P(X5<2)

= P(Poisson(1.6)<2)—P(Poisson(4.0)<2) = 0.783 - 0.238 = 0.545.

OR

5 3 5 3
P(2<Ty<5) = [ &80 ;310800 g _ 1 0807 4310801 4 o 0.545255.
: > T0) >

OR

two accidents durin at least one accident
p ( £ AND j

the first two months during the next three months
one accident during A at least two accidents
the first two months during the next three months

no accidents during A at least three accidents
the first two months during the next three months



As Alex is leaving for college, his parents give him a car, but warn him that they would
take the car away if Alex gets 6 speeding tickets. Suppose that Alex receives speeding
tickets according to Poisson process with the average rate of one ticket per six months.

X ;= number of speeding tickets in # years. Poisson( A t)
T = time of the kth speeding ticket. Gamma, o = k.
one ticket per six months = A=2.

If T, hasaGamma(a, 0= l/ 3. ) distribution, where o is an integer, then

P(Ty<t) = P(X,2a) and P(Ty >?) = P(X;<a-1),

where X, has a Poisson(A¢) distribution.

Find the probability that it would take Alex longer than two years to get his sixth
speeding ticket.

P(T;>2) = P(X,<5) = P(Poisson(4)<5) = 0.785.
OR

26 726
r 5 5!

6)

P(Ty>2) =

I\J'—.S

Find the probability that it would take Alex less than four years to get his sixth
speeding ticket.

P(Tg<4) = P(X,26) = P(X;26) = 1- P(X,<5)

= 1- P(Poisson(8)<5) = 1-0.191 = 0.809.



d)

4 26 42
P(Ty<4) = J‘mt&le‘”a’t I ' 1502l gt =
0 0

Find the probability that Alex would get his sixth speeding ticket during the fourth year.

P(3<Tg<4) = P(T(>3) - P(Tg>4) = P(X3<5) - P(X,<5)

= P(Poisson(6)<5) — P(Poisson(8)<5) = 0.446-0.191 = 0.255.

OR

4 26 26
P(3<T,.<4) =2t e2lgr = [Z_ ¢35 2 gr = ..
) [

Find the probability that Alex would get his sixth speeding ticket during the third year.

P(2<Tg<3) =P(Tg>2) - P(Tg>3) = P(X,<5) - P(X5<5)

= P(Poisson(4)<5) — P(Poisson(6)<5) = 0.785—0.446 = 0.339.
OR

56 3,6
A j—'t5e‘2tdt = ..

P(2<Ty<3) = (o) 5
2

N ey W



3. Consider two continuous random variables X and Y with joint p.d.f.

Sxy(x,y) = C(x+2y),

a) Sketch the support of (X, Y).
That is, sketch
{0<x<2, 0<y<3}.

b) Find the value of C so that
Sx y(x,y) isavalid joint p.d.f.

|
HETRINE

C(3x+9)dx

=(?[§x2+9xj
2

C(x+2y)@qu
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I I
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Il
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2
= 24 C.
0

C) Find the marginal probability density function of X, f (x).

3
fx(x) = wmmy - o

d) Find the marginal probability density function of Y, f, ().

2
_ 1L _ 1
fe(y) = £24(x+2y)dx i (
1 1+2y
24( +4) 12

0<x<2, 0<y<s3,

zero elsewhere.

C =

1
24

(xy+y2)‘z= %ﬂ3x+9)=

xX+3

b

0<x<2.



4. Let X and Y have the joint p.d.f.

Sxy(x.py) = Cx%y, 0<x<4, 0<y<d/x, zero elsewhere.

a) Sketch the support of (X,Y). Thatis, sketch {0<x<4, 0<y<+/x }.

b) Find the value of C so that fy y(x, ) isa valid joint p.d.f.

4 (Jx 4 4
l=j Iszydy dx=j—x2y2 ﬁdx=_|.—x3dx=£x4 = 32C.
0L 0 0 0 0 8
1
C= —-.
- 32

C) Find the marginal probability density function of X, f (x).

2 1 2.2 1 3
fx(x) = | X ydy = xtyt )= —xt, 0<x<4,



d) Find the marginal probability density function of Y, f, ().

e) Are X and Y independent?
If X and Y are not independent, find Cov(X,Y).

f(x,y) # fx(x)-fy(¥). = X and Y are NOT independent.

The support of (X,Y ) is NOT arectangle. = X and Y are NOT independent.

4 4
E(X) = jx-é)ﬁdx = I 6—14x4dx = —X
0 0

2
0

E(Y) = }y-(zy—iﬂjdy = T (zyz—iyg)dy = (zytiyﬂ
0 3 96 0 3 96 9 864

16 16 32
= _——-— === =~ 1.1852.

9 27 27

4 (Jx 4 \/}
E(XY)=J' j xy-—x2ydy dx=_|.—x3y3 . dx—j x212 dx

0\ 0 0 0

| 128

2% 3" 3.8788

Cov(X,Y) = BE(XY)—E(X)-E(Y) = %_§% _ % ~ 0.0862.



S.

b)

Let the joint probability density 2 oo e ;
function for ( X, Y) be | | | |

S(x,y) = x+y, 11
x>0, y>0, x+2y<2,

zero otherwise. 0

Find the probability P(Y > X).

intersection point:

y=x and x+2y=2

2 2

xX=— and y=—
3 Y 3

Find the marginal p.d.f. of X, f (x).

-(x/2) 113
Ix(x) = j(x+y)dy = —+-x->x7, 0<x<2.
0



c) Find the marginal p.d.f. of Y, f,(»).

2-2y
fy() = [(x+y)dx =2-2y, 0<y<l.
0

d)*  Are X and Y independent? Ifnot, find Cov(X,Y).

The support of (X,Y ) is NOT arectangle. = X and Y are NOT independent.

OR

Sxy(xy) # fx(x)xfy(y¥). = Xand Y are NOT independent.

i o113 (1 3
E(X) = Ix-fx(X)dx = Ix-(5+5x—§x2)dx = j(§x+—x2—§x3jdx
—0 0 0
= (lx2+_x3_i 4] ‘ 2 = 1+i_§ = é
6 32 0 3 2 6

E(XY)= i [ _jyxy-(x+y) dx} dy = 'lf
0

0 0 3

L(sg s 3 2 4 4 2 1
= [ [Sy_6p2eayd-_Zyp4lay = 2 041-2 = 2,
{(3y oy 3yjy 3 7T 5

—0.077778.

Q

Cov(X,Y) = E(XY)-E(X)xE(Y) = g_gxl _ 1



6-9.

b)

Let the joint probability density function for ( X, Y ) be

f(x,y) =

—xy , 0<y<l, y<x<2, zero otherwise.

Do NOT use a computer. You may only use +, —, X, +, and ,/ on a calculator.

Show all work. Example:

1 e

j I—xy dx |dy = j(—

5

0 0
(6,4 1 s
(sy syj

a) Sketch the support of (X, Y).

(I)( y? ——y jdy

y=1 6 1

- f(x,y) isavalid joint p.d.f.

=

Thatis, sketch {0<y<1, y<x<2}.

Find the marginal probability density function of X, f (x).

For 0 <x <1,

Sx(x) = I—xy dy =

0

1
jgxy3a’y = (gxy“j
0 5 5
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For 1 <x<2, fx(x)=




1 2
Check: J-gxsdx + J.Exdx (e (322 L9
05 15 10 x=0 10 x=l1 10 10
C) Find the marginal probability density function of Y, f, ().
14 /
0 ;
0 1 2
12 s 6 2 3)x=2 24 3 6 5
For 0<y<l1, = | =xy’dx =| =x = oy,
vl fy() =[xy (5 ijzy SV oy
Y
1
24 3 6 5 4 1 6) y=l1 6 1
Check: —y = dy = | -y —= = ___ =1.
{(5 5 Jy (Sy 57 Jly=0 T 575

d) Are X and Y independent? Justify your answer.

The support of (X,Y ) is NOT arectangle. X and Y are NOT independent.

OR

Since f(x,y) # fx(x)-fy(¥), Xand Y are NOT independent.



7.

b)

d)

Find the probability P(X>2Y).

Set up the double integral(s) over the region that “we want” with the outside
integral w.r.t. x and the inside integral w.r.t. y.

2( X2,
j j ?xy3dy dx
ol o

Set up the double integral(s) over the region that “we want” with the outside
integral w.r.t. ) and the inside integral w.r.t. X.

)
I 'f 2xy3a’x dy
0 2y >

Set up the double integral(s) over the region that “we do not want” with the
outside integral w.r.t. X and the inside integral w.r.t. y.

Lox 2( Ly
I I <Xy dy |dx + J' I =Xy dy |dx
0\ x/2 1 x/2

Set up the double integral(s) over the region that “we do not want” with the
outside integral w.r.t. y and the inside integral w.r.t. x.



(b)

(c)

Use one of (a) — (d) to find the desired probability.
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1|2y 1
1 3 _ 24 5 6
I—I j—xy dx dy—l—j(? -3
0 y 0
3 6\l y=l 3 2
=1-]2 =1-2 = £,
(Syjy=0 5

(Lo Ly (e 2y (3 1)
10 160) (5 5) \10 160




8.

b)

d)

Find the probability P(X +Y <2).

Set up the double integral(s) over the region that “we want” with the outside
integral w.r.t. x and the inside integral w.r.t. y.

L(x, 2(2=x 15
j I—xy3dy dx + j{ I —xy%z’y}dx
olo 3 Lo °

Set up the double integral(s) over the region that “we want” with the outside
integral w.r.t. ) and the inside integral w.r.t. X.

1{ 2=y
I j 2xy?’a’x dy

Set up the double integral(s) over the region that “we do not want” with the
outside integral w.r.t. X and the inside integral w.r.t. y.

2 1
I [ I %xy3 dy}dx
1\ 2-x

Set up the double integral(s) over the region that “we do not want” with the
outside integral w.r.t. y and the inside integral w.r.t. x.

1( 2
J. I %xy%lx dy
0\ 2-y



(b)

(d)

(a)

(c)

Use one of (a) — (d) to find the desired probability.

S —




9.

b)

d)

Find the probability P(XY <1).

Set up the double integral(s) over the region that “we want” with the outside
integral w.r.t. x and the inside integral w.r.t. y.

ol T2 2 (1 4,
j I—xy3dy dx + _[ j Zxy3dy|dx
olo 3 Lo d

Set up the double integral(s) over the region that “we want” with the outside
integral w.r.t. ) and the inside integral w.r.t. X.

1/2( 2 1 11y 1
I I—xy3dx dy + j j Zxyddx|dy
0y > 12 y >

Set up the double integral(s) over the region that “we do not want” with the
outside integral w.r.t. X and the inside integral w.r.t. y.

2( 1y
I I XY dy |dx
1 1/x

Set up the double integral(s) over the region that “we do not want” with the
outside integral w.r.t. y and the inside integral w.r.t. x.

1 2
I J Exy3dx dy
12\ 1/y >



e) Use one of (a) — (d) to find the desired probability.

|

2 1/x 1 )
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12 12
(b) j J.?xy3dx dy + J' j ?xy3dx dy
0y 12 y
1/2
24 6 6

= I(;y3—§y5jdy I(;y—gysjdy
0 1/2

_ (6. a4 1 )12 é 2_1 6\ 1
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5 5 40 20 5 40 40 40



10.  Let the joint probability density
function for ( X, Y) be

f(x.y) = Cxy,
x>0, y>0,

x2+(y+3)2<25,

zero elsewhere.

a) Find the value of C so that f(x,))
is a valid joint p.d.f.

2 [ 25~
Must have 1 = I Inydx dy
0 0
2
C
= [16y 6y2—y3]dy
0
C 2 3 4|2
- Zl8y?-2 - 6C.
2[ yi-2y>-—y } .
1
C = —.
= 6
b)  Find P(2X+Y >2). S s S B A
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o
O'—.’_‘
W | —



OR

2-y
20 2 2| V2s-(3)*
l—j I gxydx dy = .. I _[ gxydx dy = ..
0| 0 0 2-y
2
OR
1 [ —3+v25-x2 ! 4 -3+ 25-x? 1
I _[ —xydy dx+j j —xydy |dx = ...
6 6
0 2-2x 1 0

Find P(X-3Y>0).

P(X-3Y>0) =P(X>3Y)

[y
1

25-(y+3)?

j —xydx|dy
3y 0 ===

Il
O —y—

1
1Ayl 2 5 g 22205 O T 02016667
ﬂg,y Y y}y 36 24 24 '



11.

b)

Suppose that (X, Y') is uniformly distributed over the region defined by

x>0, >0, x>+y?<1. Thatis,

fx,y)=C, x20, y=0, x2+y2£ 1, zero elsewhere.

What is the joint probability density

function of X and Y ? That is, find
the value of C sothat f(x,)) isa
valid joint p.d.f.

The area of a circle is T 72

= The area of the support of

. T
X, Y) is —.
( ) is 1
4
= C =1 ~ 1.27324.
T

Find P(X+Y <1).

Since uniform,

1
want area  _ i _ l
total area T T
4
~ 0.63662.




c) Find P(Y >2X).

Since uniform,

1— arctan(2) . 2 x arctan(2)
T T
2
~ 0.295167.
OR .
1
5 5
arctan| — 2 x arctan| —
2 _ 2
T T
2
~ 0.295167.

d)* Are X and Y independent?

The support of (X,Y') is not a rectangle.

= X and Y are NOT independent.



Consider two continuous random variables X and Y with joint p.d.f.

12.

zero elsewhere.

y>1, ()<x<y,

9

3

C
(2x+y)

>

Sxvy(x,¥) =

That is, sketch {y>1, 0<x<y}.

Sketch the support of (X, Y).

a)

e ——————— -




b) Find the value of C so that fy y(x, ) isa valid joint p.d.f.

(Y e}
C C
N e [
Lo (2x+y) 1L 4(2x+y)
o0 o0
I( c_, Csz :gf%dyzg_LJ » _2C
1\ 36y7 4y Py A L

C) Find the marginal probability density function of X, f (x).

For 0 <x <1,

(e 0]

9 9 o 9
fx(x)=|——Fdy = ———— = ., 0<x<l.
X '1[2(2x+y)3 4(2x+y)2 1 4(2x+1)2
For 1 <x <0,
o0
fx(x) = J%dy = —% * = %, 1 <x<oo.
L 2(2x+y) 4(2x+y)° I *¥  4x

d) Find the marginal probability density function of Y, f, ().

y

9 9
) =|—F—dt = ——————
Y gz(zx+y)3 8 (2x+y)2 10
= — 1 + ) = ! 1<y<oo
gy? 8yr  y?



e) Find P(X+Y <2).

f) Find P(X+Y >5).

P(X+Y<2)

|
|
|
(

9 9 i
4(x+2)?

9 1

8( 2x+1) 4(x+2))]o

9,9,9.9_3 4315
24

28 8 8

9

0 _4x 2.5

? v 2 o+ L =025
30 20 10



g)

h)*

Find P(Y >3X).

Are X and Y independent?

Sxy(xy) # fx(x)-fy(¥). = X and Y are NOT independent.

OR

The support of (X,Y) is NOT a rectangle.

— X and Y are NOT independent.



