STAT 400 Stepanov
UILC Examples for 2.3 Dalpiaz

The k th moment of X (the k th moment of X about the origin), ., is given by

u=E(xK) =" %k f(x)

all X

The kth central moment of X (the k th moment of X about the mean), 1, is given by

= E((X=p)9) = Y (x-p)k - f(x)

all X

The moment-generating function of X, M X(t), is given by

My (t)=E(e'X)= Z elX. f(x)

all X

Theorem 1: My (0)=E(X) My (0) = E(X?)

M (0) =E(xK)

Theorem 2: Mxl(t) = MXZ(t) for some interval containing 0

= Ty, (X)=1x,(X)

Theorem 3: Let Y=aX+Db. Then MY(t):ethX(at)
1. Suppose a random variable X has the following probability distribution:
X f(x) Find the moment-generating function of X, My ().
10 0.20
11 0.40 — —
My (D) =E(eX) = 3 et 1(x)
12 0.30 all X
13 ] 010 =020 + 0406t + 030e! + 0,100t




2. Suppose the moment-generating function of a random variable X is

My (t) = 010 + 015et + 0.20e2t + 02573t + 0305t
Find the expected value of X, E(X).

My(t) = 0.15et + 0.40e2t - 07573 + 1505t

E(X) = My(0) = 0.15+0.40-0.75 + 1.50 = 1.30.

OR
X f(x) X - f(X)
0 0.10 0
1 0.15 0.15
2 0.20 0.4
-3 0.25 -0.75 E(X)= ZX-f(X) =1.30.
5 0.30 1.5 all X
3. Suppose a discrete random variable X has the following probability distribution:
f(0)=P(X=0)=2-e%2, f(k)y=P(X=k)= kl k=123, ...
2% .kt
a) Find the moment-generating function of X, My ().
My (t) = > et fx) = 1. (2-e¥2) + > etk :
2 k. ki
all X k=1 :
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b) Find the expected value of X, E(X), and the variance of X, Var (X).

|v|>;(t)=eet/2 .e%, E(X)=M>;(o)=e]/%.

|\/|>:(t)=eet/2 -[e%JZ + eet/2 .e%,

E(X?)= M;(o)=%e]/2.

var(X)=E(X?) - [E(X)]2=3-e¥2 _Ll.e.
4 4

4, Let X bea Binomial (N, p) random variable.
Find the moment-generating function of X.

n

My (t) = Zetk-@-pk-(l—p)”‘k

k=0

] é[m(p'et)k'(l‘p)nk = [(1-p)+pe']"

5. Let X be a geometric random variable with probability of “success” p.

a) Find the moment-generating function of X.

0

Mx(t) = > etk (1-p)kt.p = pet- > etk-D.(1-p)k=
k=1 k=1

0 n pet

_ p.et.Z[(l—p)-et} : t<-In(1-p).

n=0 1-(1-p)-et




b) Use the moment-generating function of X to find E(X).

vty = Petli--pret)-pet(-(-p)e']
(1-(-p)et )’

_ p-€ ~ t<—In(1-p).
(1-(1-p)et)
E(X) = My(0) = 2 = 1
(p)* P
6. a) Find the moment-generating function of a Poisson random variable.
ret)"
00 )\/k,e_}\f _)\‘ o8} ( . )
My (t) = > etk. = e h.
YRS CE
=ere gh-(e 1)

(InMX(t))'|t=0=E(X):pX

(INMy (1) |t20=E(X2)-[E(X)]2=02

b) Find E(X) and Var(X), where X is a Poisson random variable.
InM, (t)=2(et-1).

(InMy (1)) =nret (INMy (1) |¢2g=E(X)=1

(InMy (1)) =nret (INMy (1) |2 q=Var(x) =2



