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Answers for 4.1, 4.4 (2) Dalpiaz

Independent Random Variables

1. Consider the following joint probability distribution p(X, y) of two random
variables X and Y:

x \ Y 0 1 2
1 0.15 0.10 0 0.25
2 0.25 0.30 0.20 0.75
0.40 0.40 0.20
Recall: A and B are independent if and only if P(ANB)=P(A)-P(B).

a) Are events {X = 1} and {Y = 1} independent?
P(X=1nY=1)=p(1,1)=0.10=025%x040=P(X=1) xP(Y=1).

{X=1}and {Y =1} are independent.

Def Random variables X and Y are independent if and only if
discrete P(XY)=py(X)-py(y) forallxy.

continuous f(xy)=1f,(x)-f,(y) forallxy.

2
F(X,Y)=P(X<X Y<Y). f(x,y)=9 F(X'y)/axay-
Def Random variables X and Y are independent if and only if
F(xy)=Fy(x)-F,(y) forallxy.
b) Are random variables X and Y independent?

P(1,0)=015%0.25x0.40=p, (1) xp, (0).

Xand Y are NOT independent.



2. Let the joint probability density function for ( X, Y) be

f(x,y)= 60X2y 0<Xx<1 0<y<l X+y<1
| 0 otherwise

Recall: fy(x)=30x2(1-x)%, o0<x<1,

fy(y)=20y(1-y)}, o<y<L

Are random variables X and Y independent?

The support of (X,Y) is not a rectangle.

Xand Y are NOT independent.

3. Let the joint probability density function for ( X, Y') be

foxy)=] XY 0<x<1,0<y<1
Y)= 0 otherwise

Are X and Y independent?

1
filz) = fo(xw)dy

1
faly) = f(fﬂ+y)d$:y+§, 0<y<1,;
0

s = wryt (o) (v+3) = H@hHO.

Xand Y are NOT independent.



Let the joint probability density function for ( X, Y) be

_2y
f(x,y):{lzx(l—x)e 0<X<1LYy=>0

0 otherwise

Are X and Y independent?

fo(Xx)= _[12x(1—x)e‘2y dy=6x(1-x), 0<x<1.
0

1
fy(y)= J'12x(1—x)e‘2y dx=2e72Y, y>o.
0

Since f(x,y)="f,(x)-f, (y) forallx,y, XandY are independent.

If random variables X and Y are independent, then

E(9(X)-h(Y)) = E(g(X))-E(h(Y)).

5. Suppose the probability density functions of T, and T, are

fr()=ae™® x>0, fr (y)=pe PV, y>o

respectively. Suppose T, and T, are independent. Find P (2T 1>T, ).

o[ o0

P(2T;>T,) = | j(aﬁe‘ax‘ﬁy)dx dszBe‘By T(ae‘“x)dx dy
0ly/2 0 y/2

- gBe—By[e—ay/Zjdy: gBe_(Q/HB)ydy:aigB'



6. Let X and Y be two independent random variables, X has a Geometric
distribution with the probability of “success” p = 1/3, Y has a Poisson

distribution with mean 3. That is,

Py (X)= (%ng X_l, X=1,23, ...,

3Ye3
y! -

pPy(y)= y=0,1,23, ....

a)  Find P(X=Y).

o ,k-1 -3 o Lk
_ 2 e 2 e 2
=e3. )y = S -—e—1]
~ Kl 2 [k_o [ ] 2
-1 -3
- £ ;e ~ 0.159

b)  Find P(X=2Y).

P(X=2Y) = i px(2k)-py(k) = i@j‘[%}zm' 3kke!_3

k=1 k=1

3 k -3
_ e_.z(ﬂj 1 %-[64/3—1] ~ 0.069544.

For fun:
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c) P(X>Y) = Z Z (j(sj . = Z(gj ) '
y=0 X=Yy+1 y: y=0 y:
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